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Abstract—The main purpose of this paper is to investigate the optimal replenishment policy
under the learning effect and allowable shortages within the economic order quantity
(EOQ) framework. We adopt a demand function which is ramp type pattern. The
assumption that the goods in inventory always preserve their physical characteristics is
unethical. Therefore another important factor is deterioration, as it may yield misleading
results. The unit production cost is inversely proportional to the demand rate. Hence a
mathematical model has been developed in the view of above scenario, in order to determine
the optimal costs for two different cases, by minimizing the present worth of total costs.
Finally, numerical examples are provided to illustrate the theoretical results and a sensitive
analysis of the optimal solution has been performed to showcase the effect of various
parameters.

Index Terms— Ramp Type Demand, Weibull Deterioration, Unit Production Cost,
Shortages, inflation, learning.

|. INTRODUCTION

In recent years, inventory problems for deteriorating items have been widely studied. Deteriorating is a
general phenomenon for many products, in which fruits or vegetables are spoiled directly while alcohol
physical depletate over time , and electronic products deteriorate rapidly as time went through a gradual of
loss of potential utility, that result in the decrease of usefulness of commodities. The first attempt to describe
the optimal ordering policies for such items was made by Ghare and Schrader in 1963. Covert and Philip
[1973] proposed an inventory model with weibull distribution rate without considering shortages. More
related articles can be referred to like Yang et al. [2011], and Singh et al. [2007], Singh C.and Singh S.R.
[2011], Manna and Chaudhuri [2006, 2016] and so forth.

However, for deteriorating items it is unethical that the demand rate increases continuously during their full
life cycle. Based on such realistic facts, Hill proposed an inventory model with ramp type demand rate.
Mandal and Pal [1998] extended this model to allow shortages. Further, Wu [2001] extended it to have
Weibull distribution deterioration and time dependent backlogging. Shouri et. al. [2009] also considered a
model by introducing a general ramp type demand rate, partial backlogging and Weibull deterioration rate.
While, for some short life cycle products, the demand rate may increase up to a certain level, then reach a
stabilized period, and finally decrease when the inventory level falls to zero. There are many other related
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literatures about such inventory model, such as Deng et. al. [2007], Giri et. al. [2003], Singh C.and Singh
S.R. [2011].

Furthermore, when shortages occur, some customers are willing to wait for backorders to be fulfilled and
others whom are often fickle and increasingly less loyal would not. Therefore, the occurrence of shortages in
inventory is a natural phenomenon and in practice shortages are partially backlogged and partially lost. Some
related works can be found in Abad [1996], Dye et al. [2007], Wu et al. [2006], Singh et al. [2009], Goyal et
al. [2013].

Apart from the above mentioned facts, “learning” as natural phenomena, are observable everywhere.
Learning implies that the performance of a system engaged in a repetitive task improves with time. This
improvement of the system can be observed in manufacturing companies as a reduction in the cost and/ or
time of production. Singh et. al. [2013], Jayshree & Singh [2016], Kumar et al (2013), Yadav et. al. [2012]
and many others have developed inventory models to cover this phenomenon.

After the global economic crisis, developing countries have suffered from large scale inflation. However,
from a financial point of view, an inventory represents a capital investment and must complete with other
assets for a firm’s limited capital funds .Understanding of inflation and time value of money is crucial. To get
the real estimate of all costs incurred, it is logical to incorporate the net profit of inflation. The pioneer
research in this area was Buzzacott [1975] and Misra [1975]. Thereafter, several interesting research papers
have appeared e.g. Yang et. al. [2001], Yang [2012], Singh et. al.[2008, 2009].

This paper incorporates Weibull deterioration and ramp type demand with allowable shortages under learning
phenomenon .We extend the work of Jayshree & Jain [2016] to propose an optimal replenishment policy
within the EOQ framework and also carry out a sensitivity analysis of the main parameters.

1. ASSUMPTIONS AND NOTATIONS
The following notations and assumptions are considered to develop the inventory model

A. Notations

K- Unit Production cost (units /unit time)

X, —Holding cost per order is partly constant and partly decreases in each cycle due to learning effect and
defined as X01+i—2 k>0

X; — Deterioration cost per order is partly constant and partly decreases in each cycle due to learning effect
and defined as X03+):T: k>0

X, —Shortage cost per order is partly constant and partly decreases in each cycle due to learning effect and
defined as X04+i_: k>0

X5 — Lost sales cost per order is partly constant and partly decreases in each cycle due to learning effect and
defined as X°5+i_: k>0

X — Total average cost for a production cycle

r- Inflationary rate
& — Backlogging rate

B. Assumptions

(1) Demand rate in ramp type function of time, i.e. demand rate R= f (t) is assumed to be a ramp type
function of time f(t)= Do[t-(t-u) H(t-1)] , Do > 0 and H(t) is a Heaviside’s function:
H () = {1 ift=u

1) =10 if ¢ < u

(2) Deterioration varies unit time and it is function of two parameter Weibull distribution of the time,
i.e. aftPF~1,0< a <1, =1, where t denote time of deterioration .

(3) Lead time is zero.

(4) Inflation is considered.

(5) Learning phenomenon is also considered.

(6) Shortage are Allowed and partially backlogged.

(7) K=y f(t) is the production rate where y (> 1) is a constant.
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The unit production cost v =a; R~ where ¢; > 0,s >0 and s # 2.
a, is obviously positive since v and R are both non-negative. Also higher demands result in lower unit cost
of production. This implies that v and R are inversely related and hence, must be non-negative i.e. positive.

Now,
av

= =—asR 6D <0,
dR
2

% =q,s(s + 1)R-6+2 > 0,

Thus, marginal unit cost of production is an increasing function of R. These results imply that, as the demand
rate increases, the unit cost of production decreases at an increasing rate. Due to this reason, the manufacture
is encouraged to produce more as the demand for the item increases. The necessity of restriction s+ 2 arises
from the nature of the solution of the problem.

11l. MATHEMATICAL FORMULATION OF THE MODEL

Casel(u<t <t,)

The stock level initially is zero. Production starts just after t=0. When the stock attains a level q at time t=
t,, then the production stops at that time. The time point u occurs before the point t=t,, where demand is
stabilized after that the inventory level diminishes due to both demand and deterioration ultimately falls to
zero at time t = t,. After time t, shortages occurs at t=T, which are partially backlogged and partially lost.
Then, the cycle repeats.

Let Q(t) be the inventory level of the system at any time t(0<t<t,). The differential equations governing the
system in the interval [0,t,]are given by

O v aptP~1 Q) =K — F(t) 0<t<p Q)
with the condition Q(0)=0

%ﬁt) +aftP1Q(t) =K —F(t) uSt<t )
with the condition Q(t,) = g

O 1o pep=1 Q1) = —F (1) < t<t, A3)
with the condition Q(t,) = q,Q (t,)=0

WO _ _p-s-w)p(¢) t,<t<T )

dt
with the condition Q(t,)=0
Using ramp type function F(t), equation (1),(2),(3),(4) become respectively

%ﬁt)ﬂx BtB-1Q(t) = (y — 1)Dyt 0o<t<u (5)
with the condition Q(0) =0

e BT Q) = (y ~ DD ustst (©)
with the condition Q(t,) = g

20 1o ptF=1 Q(t) = Dou t,<t<t, @
With the conditions Q(t;)=q, Q(t,)=0,

20 — _g-s(r-t2)p t,<t<T @)

dt
with the condition Q(t,)=0
(5),(6),(7),(8) are first order linear differential equations
For the solution of equation (5) we get

0®)e*! = (y —1) [ Dyte®’ +C

+2 atB+2 a2t2B+2
=(v-1)Do [7+ B+2 2(2B+2) A ©
By using the condition Q (0) =0 (10)

atﬁ+2 a2t2B+2

— (v _ —atBft?
Q(t) - (Y l)DOe @ [2 + (ﬁ+2) 2(2ﬁ+2)
for the solution of equation (6) we have

+——],0<t<p 11)

31



| “dleet” QO] = (v — 1) Do | et gy
u u

_ _ —ath n atB+1 a2t2B+1 _ ap.B“ _ azp_zﬁﬂ
B (Y l)Doue [t 2 (B+1)  2(2p+1) (B+1)(B+2) 2(2B+1)(2B+2)
The solution of equation (7) is given by

lu<t<t, (12)

B+1 2:203+1
Q(t) eatﬁ = _DOM (t + a[;+1 + :(ztﬁ+1) + ) +C
Putting Q(t); = q we get

o atP < at p+1 | aeZPtt )
C=qe® + Dou(t, + B+1 +2(2[3+1)

Using initial condition Q(t, )=0 in equation (13) we have,

(13)

—at (t +at2,8+1 a2t22ﬁ+1 _ —at‘g at1ﬁ+1 a2t12ﬁ+1
0= Do pe™" 22 B+1 * 2(28+1) ) —Dope™ (4, + B+1 2(28+1)
Substitute g in equation (13) the solution of equation (7) is
Q (1) =Dy ue ™ [(t, 1) + 7 (L — 1) + s (6260 — (26 41) 4 — ]

tl <t<t, (15)
The solution of equation (8) is
d?iit) —Dopt e~ 0Ttz t, <t <T
with boundary condition Q(t,) = 0, we get
Q@) = Dy ult, —t) — 6(T —t,)(t, — )] (16)
Shortage cost over the period [0, T] is defined as

t2 T2 3t,72  3tir  T? | 3 T2t t3 T3 t,T2  t3
=—Dou[{th——2———6(2———2——+—2)—{r—2+r—2+r—+6r (T—tz)(2 -2-
2 2 2 2 2 2 2 3 2 6

T3 R
)] an
Lost sales cost per cycle is
LS= D, 1 fth(l — e~8-t2)) gt

T
LS= D, ”ftz (T —t,)(t, —t)dt
Lost sale cost over the period [0,T] is given by

2 2 3 3 3 4 3 4 252

LS= D, .U5 [3T2t2 3t5T T L tz 5rt2T Tty + rTt3 + rT + rt5T ] (18)
The total inventory over the perlod [0, tz] is

0
Q (t)dte Tt = f Q (t)e "tdt + Q @®etdt + | Q (t)etdt
0 0 I

t1

)

6 6 3

u u 8 t2 a,t[?+2 a2t2ﬁ+2
(De Ttdt =f (y=1DDye *" [=+ + +——]e"tdt

fo Q . R A (F T NPT ED)) 1

— (1) D [ _aBrf* GRS | rapuftt | ra’prautf

- (}/- ) 0 [6 2(B+2)(B+3)  2(B+2)(2B+2)(2B+3) 8 2(B+2)(B+4)  2(B+2)(2Bp+2)(2B+4)

ts rt _ _ t n atB+1 a2t2B+1 _ ap.B“ _ a2u2ﬁ+1 _ g1 aut _
fu Q(t)e dt = Do u(y l) fu [t 2 (B+1)  2(28+1)  (B+1)(B+2) 2(2B+1)(2B+2) at *
a2t2B+1 QZtBu[H»l —rt

G e © dtﬁ , , , , ,
_ _ t1 pat +1 a2¢2B+1 __ap +1 _ a? 2B+t _ g1 aut _a2t2 +1
=Dou (=D, t =2+ T Y em ~ GG~ tma@s - YT T e
aztﬁwg“ _ rtz + rtﬁ _ artB+2 _ ra2¢2B+2 arp.B“t atﬁ"‘zr _ rap.tB“ ra2¢2B+2 _ raztB“uB“
(B;rl)(l?+2) 2 t(l?+1) 2(28+1)  (B+1)(B+2) 22 (B+1) (B+1)(B+2)

2 2 a
Q(t)e‘"dt =D (t _ ) t B+1 _ t B+1 - _(t 2p+1
G Onu . [ 2 (ﬁ_'_l)( 2 ) Z(Zﬁ_'_l) (2

_ t2[3+1)]e—oztlg e~Ttdt
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t2 @tbp et aptbft? a2t 222 (p3) a?t2P*2(sp43)

s _ _
_DOM[ bt * 2+(ﬁ+1)(ﬁ+2) (B+1)  (B+1)(B+2)  2(2+1) 2(2ﬁ+2)(ﬁ+1) 2(2B+1)(2p+2)(B+1)

atptf Qi rt% T ratf?  radlft  radftp a22P% ralftipes)
(B+1) (B+1)? L2 (gD (B+1)  (B+3)(B+1)  2(2p+1)  (B+1)(B+2)(B+3)
3a2pt2ht3, 2(5[3+3)t2’8+3 at tbt? g2t Pr1 B2

2026+1) (B+2)(26+3)  226+1) (B+D(2B+3)  (B+2) (B+1)(l3+2)]

Therefore, the total inventory in [0, t,] is given by

t2 _ _ u apub+3 a?(3p+2)u?h+3 ru? | rapuftt
fo Q()e™dt = (y - 1) DO[? T 2B+2)(B+3)  2(8+2)(2B+2)(2B+3) 8 * 28+2)(B+4)
GBI Dy (y — 1) [ﬁ _uty__aptPY apuPt  adGprnn?6
2(B+2)(2p+2)(2+4) 2 2 B+1)(B+2)  28+1)(B+2)  2(2p+1)(2B+2)(B+1)

aZpuzb+2 apbie, aZu2B+ig, aZtIBHuB“ rt3  rud | rtip art,P+3p
2B IDCEID(BID | BrDED | 2@IDGED | BRI | 3 12 | 4 (DG

rapuft3 rae,2B+3 rauPtie,? ra?u?htie,? rat;(B+3)  aure,Pt2 azrt12B+3
2(B+1)(B+3)(B+2)  2(2+1)(2B+3)  2(B+1)(B+2)  4(2B+1)(28+2) (B+3) 2(B+2) (B+1)(2B+3)
ra?e PP a2y 2B+3(—7p2-12p-4)  autPt? t3 2 (@bt bt aptbt?

] Do ul5 = tpty +—+ - - -

(B+1)(B+2)? 8(B+1)(B+2)2(2B+3) 2(B+1) 2 2 (B+1)(B+2) (B+1) (B+1)(B+2)
a?e2Ptly  q2t2Pt2(py3) a?t?P*2(sp+3) at tB¥t g2 YN BT 2 vtz ratbt? raBtle
2(2p+1) 2(2ﬁ+2)(ﬁ+1) 2B 0GR GID T gD 2 b T Ty T TR
N ratbt3p  a2e2P¥2 B3 (pas3) 3a2pt2F 43, 2(5[3+3)t2ﬁ+3 attF*? + 241y ﬁ“]

C(B3)(BF) | 2@B+D)  (B+D(B+2)(B+3)  2B+D) (B+2)(2B+3)  2(26+1) (B+1)(2B+3) (B+2) (B+1)(B+2)

Total number of deteriorated items over the period [0,t,] is given by
Production in [0,p]+ Production in [ut;] — Demand in [0,u] ~Demand in [p t,]

=y fo# Dote "tdt + y fotl Do pe~"tdt — D, fo# te tdt — f:z Dope~"tdt

2 2
=%yD0u [Ztl —u—rt? +%] —%Doy[th —u—rt? +%] (20)
The cost of production in [u, u + du] is
Kv du = -2 s (21)

Hence the production cost over the period [o, t,] is given by
f:l Kve "du = f” Kve "du + f:l Kve "“du
— Ay _rudu_'_ftl a1y e~ du

0 RS-1 Rs—1

—s [(s—D)u?~5+(2—s)u’~St eud-s .2 1-s
=a1yDy’ S[ - (-9) - 1]+“1”rD01 Lo s_<#1-s>] (22)

The total average inventory cost X is given by
X= Inventory Cost + Deterioration Cost+ Production Cost+ Shortage Cost + Lost Sales Cost

apuf+s a?(3p+2)u?h*:  ru? | rapuftt ra?(3p+2)u?Prt

_1 u
X=Z AN Do (6~ 306w ~ e s oG | Genesaeis T 0
( _1) (__ﬂ_ aBt1B+2 + apub+? _ a?(3B+1)t,2B+2 a?pu2b+? _ auf+1t, _
Hy 2 2 B+1)(B+2)  28+D(B+2)  2(2p+1)(2B+2)(B+1)  22B+1)(2B+2)(B+2)  (B+1)(B+2)
2u23+1t1 aZtIBHuB“ rt,3 rud rti2u art13+3[3 ra/?p.3+3 ra t12ﬁ+3
22BID@ED) | DR | 3 1z | 4 (e | 2BrDEG) | 2@ErD@EEes) |
rauP+it,? ra?u?h+ic 2 rat,(B+3) _ aprt,Pt2 a?rt 2 PH3 _raztlﬁﬂp.ﬁ“ ra?u?B+3(—78%2-12p-4)
2(ﬁ+1)(l3+2) 4(2ﬁ+1)(2ﬁ+2) (B+3) 2(B+2) (B+1)(2B+3)  (B+1)(B+2)? 8(B+1) (B+2)2(2B+3)
autPtt (@)tf*2p atltf“ aptfr? a2e2Prly 2 2P2(py3)

2t DO”( t2t1+_ GrDG+D | BrD) DD | 2@ErD | 2@prDEED
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aztfﬁ+2(5[3+3) oztzt{g+1 _ ozztfﬂtf+1 _rt3 bt — ﬁ _ roztég+2 ratf“tl ratf”ﬁ aztf‘g“r _
2(2[3+1)(2[3+2)([3+1) (B+1) (B+1)? 2 Tkl T (B+1) (B+1) (B+3)(B+1)  2(2p+1)
ratf*3(2p+3) 3a2pe2Ptey a?(5p+3) t2F 43 at tBt? gz B P2
— - — + —
GG+ 22641 (B12)(2p+3) 2D BB (B12) GG Xa 5 Do (Ztl H
ru? 1 t T2 3t,72  3t3T T3 ¢t T2t
Ptz + ™) ~ 1D u(at, —p— 1 + 1) XD { Tt ~ LT g (B T By Ty
i T_3 (8T 3%ty 33T TP 8B Sreplt  rtp  rTed Tt
+ro+or (T tz)gz 6 )}+X5D0M6( 2 2+12 6 e 15 t35*+
rt (s—1)u?~S+(2-s)u'~ u3 st - ut—s
L)+ gy Dy SERE I EIT gy, T B s — ] 23)
KoKy + -
Where X, is continuously deceases over n since & H < O,n> O
Xl
X3=Xo3 +n_13<
Where X;is continuously deceases over n since %3 <0n>0
X
Xy= X04+n_:_
Where X, is continuously deceases over n since %‘ <0n>0
Xl
X5:X05+n_15<
Where Xsis continuously deceases over n smce 2 < 0n>0
Optimum values of t; and t, for minimum average cost X are the solutions of the equations
; =0 and )
Provided they satlsfy the sufficient conditions
a%x 82x9%x , 3%X ,
a O'm >0and 7555 Grog,)” > 0
; =0and ——O glves
B B aﬁtl B 2(3[3+1)t2‘8+1 B aub+t B a2 u2h1 L aztfuﬁ+1 o Tt
G {D‘)” (=1 <t1 G+ 2GpDGID | GG | 2@peD@pD 2 | GG *
artf“ﬁ ra t2‘8+2 rauPtit, ra?u?Ptit, t[;+2 _ aurtf“ « rtz‘g+2 raztfHuB“ ap.tf) +
(B+1) 2(28+1) ;ﬁ+1)(ﬁ+2)ﬁ 2(2ﬁ+1)l§2ﬁ+2) s 2 (ﬁ+ﬁ1) . (B+1)(B+2) ZB
ath™ apefTt 2Pt ¢ +1(513+3) g aith ek rath*?
Do <_t2 TG T e 2@ T zepgn Tkl TG T Ty

2B+2,. 2 ,8+1t[§+1

B+1 a’t
t (B+1)

ratf“ﬁ a?(58+3)t>
(B+1) 2(2B+1)(B+1)

)} + ¢y Dop(1 —7ty) + ayy Dy~ ut =" —

a;yDg~Styu' = =0 (24)
and
,8+1 2 2,8 2 2,8+1 ,8+1 2 ,8+1 [f ,8+1
_ aft; _ g _a tit, (B+3)t) aty ty ra(B+2)t;
X1Dopt <t ¥ G %t 2 2 G g Tetrh oy

B “”z(zﬁ*'z)fzﬁ+1 ra(2ﬁ+3)tf+2 _ 3a2ﬁrt2B+2 ottf+2 aztfffH) - - _
ratltz 2(2p+1) (B+1)(B+2) 2(2/3+1)([3+2) (B+2) + (B+2) XSDo.u(l rtz)
2 2
XuDop{(T = t,) = 5(3T2 36,7 +28) T+ T8 s, 72 4 2506 + 26rTe - T 4

+
5rT3

2
—;rtg +%th2 +rt2T2)—X=O (25)

XsDoptd (3T2 = 36,7 + 243 —

Case-Il (t; < u<t;)

The production starts with zero stock level at t=0. Production begins at t=0 and continues up to t=t;and stops
as soon as the stock level becomes L at t=t,. Because of reasons of market demand and deterioration of items,
the inventory level decreases till it becomes again zero at t= t, After time t= t,, another important factor
occurs which is shortages. After that period, the cycle repeats itself.
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Let Q(t) be the inventory level of the system at any time t (0 <t <t,). The differential equations governing the
system in the interval [0, t,] are given by

dQ()

it +af tP1 Q) = K —F () 0<t<t (26)
with the condition Q (0) =0, Q (t)) =L
$+aﬁ tP1Q(t) =-F () t<t<p ) 27
with tthe condition Q (t) =L
dQ(t) +oaf " Q) = —F(t) L<t<t (28)
Wlth the condition Q (t;) =0
dQ _ sk L<t<T (29)
W?tth the condition Q () =0
using ramp type function F (t) equations (26),(27)(28),(29) become respectively
% L af P Q(t) = (7 ~1) Dyt 0<t<t (30)
with the condition Q (0) =0, Q (t) =L
OlQ(t)+ aB 1" Q(t) = — Dyt ti<t<p (31)
Wlth the condition Q (t) = L
dQ(t)+aB 1 Q(t) = —D, u<t<t (32)
Wlth the condition Q (t;) =0
z—? =—e°0Y D,u t,<t<T (33)

with the condition Q (t;) =0
The solution of equation (30) is given by the expression (11) and we have

" t , 7
t)=@-) D, | —+ + + [+C
Q) =1 "[2 g2 " 20p+2)

With the condition Q(0) = 0, we get
2 B+2 2 1 2B+2

QM) = (-1 Dye’ L A et O<t<t (34)
2 B+2 2(2p+2)

Using boundary condition Q(t;) = L in (34) we get

. 2 B+2 242p8+2
L=(y-1) De Lo et (35)
2 B+2 2(2B+2)
Therefore the solution of equation (31) is given by

90 1 45 v Q) = - Dyt

2 p+2 2p+2
= -D, L+at + t + |+C
2 p+2 2(28+2)

Using condition Q(t;) = L

s t1 t1ﬂ+2 2p+2
C=Le™ +D, + +
2 " B2 Z(ZB +2)

2 b
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. o E oth2 aZ 22 O(If”z 2642 1
Qt)=-De {2+(ﬂ+2)+2(2ﬂ+2) J yDe™ (2 (ﬂ+2)+2(2ﬂ+2)+}t§t§u (36)

Using boundary condition Q(t,) = 0, the solution of equation (32) is given by
2
Q)= pe|t,-t)+ 7 7 + a 2 ) 4 | pStst (37)
hie ™ |t 1) G+ D( ) 2050 )
The solution of equation (33) is given by

X0 = Dy p =0Tt t, <t <T

By using the boundary condition Q(t,) =0, we get
Q(t) = Do ul(t, —t) = 8(T — ) (t,-1)] (38)

Total inventory over the period [0 t,] is

TQ(t)e’”dt = jQ(t)e’” dt + IQ(t)e’” dt + J%Q(t)e’” dt
0 0 t u

ty Y 2 p+2 2 42p3+2 rt
Jawe™ at= (- D, [ U, o U et
o 2 B+2 22B8+2)

~(y— DD{S_ api® of 3+ £+ apri™ . ro? (3+2) }

6 2AB+2) (B+3 - 226+2) (B+2 (28+3) 8 2(B+2 (B+D) 2(26+2) (B+2 (26+4)
aj/t/”z )/Olz t26+2 tz atmz az t2ﬁ+2

T —rt _ ~at? 7471 1 1 _ s _ _
!Q(t)e dt_DfJ{e 62 T2 2 (i 2epin) ™

:D0
pud _pd e ap™ P apR G gl 2@+t
2 2 (B+2) 2(ﬁss+2)([3+1) 2(2B+2) 2(B+2)(B+3) 6 6 2(B+2)(B+3)  2(2B8+2)(2B+3)(B+2)
2.,2B+2
ayuP*ie? _ azypﬁ“tf“ _ 2(3/3+2)t2ﬁ+3 a?y(B- Z)tzﬁ+3 ryp.zt% ryty raytﬁﬂp.z rya’ & u2

2(B+1) (B+2)(B+2) 2(28+2)(28+3)(B+2) 2(B+1)(B+2) 4 4 2(B+2) 8(B+1)
rya?(B?-4p8— Ail)tzﬁ+4 rut  rtf rapuf+t raﬁth _ra2(3[3+2)p.23+4 1”0:2(3[?+2)thg+4 rayuP+2c?

8(B+1) (B+2)? 8 8 2(B+2)(B+4)  2(B+2)(B+4) 8(B+1)(B+2)? 8(B+2)2(B+1) 2(B+2)
ra ytﬁﬂ ub+z

(B+2)*

t2

ty

fQ(t) e "dt :Douf e~ P [(t, — t,) < (F " — tF+1) + 2B+1 _ p2p+1) )0 gt
u

u

w+n ﬂm+9“

(B+1)  (B+1)(B+2)  (B+1)(B+2)  2(2p+2)(B+1)  2(2B+1) 2(2p+1)(2B+2)(B+1)

28+3

_ t2 aptf* aptbt? apuPt? a?(B- 1)t2‘8+2 a utZB“ a?(3p+1)u2Pt2
—Do.u[(_z_tzﬂ _)_ 2

B+1

a?ub*1el auPtic, _ rt3 + ity e Otl?rtf+3 rozp.ztf+1 arpubt3 _ T‘auﬁ+2t2 ra?(B-2)t,

(B+1)? (B+1) 6 2 3 2(B+2)(B+3) 2(B+1) (B+1)(B+3) (B+2) 4(B+2)(2B+3)
ra2#2t2ﬁ+1 ra?(3p+1)u2h+3

4(2B8+1) 2(B+1)(2B+3)(2B8+1)

Total inventory over the period [0, t,] is given by

[ o@e "t dt =

t3 aptP+3 a?(3p+2)t2P+3 red apreft ra?(3p+2)e2F+t yut?  ytd
(r 1) D | £ - - e D, |14 1o
6 2(B+2)(B+3)  2(2B+2)(B+2)(2B+3) 8 2(B+2)(B+4)  2(2B+2)(B+2)(2B+4) 2
aytf“p.z 3 ayﬁtf” o yt2B+2# 3 aﬁtf+3 B i i aﬁuBH a2(3[3+2)p.2ﬁ+3 _ ayp.ﬁ“t% _
B+2 2(B+2)(B+1) 2(2B+2) 2(B+2)(B+3) 6 6 2(B+2)(B+3)  2(2B8+2)(2B+3)(B+2) 2(B+1)
2)/;/.‘“%{g+2 _ 2(3/3+2)t2ﬁ+3 a?y(B- Z)tzﬁ+3 ryt%p.z ﬂ _ raytf“uz rya t23+2#2
(B+D(B+2)  2(2B+2)2p+3)(B+2)  4(B+1)(B+2) 4 4 2(B+2) 8(B+1)
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rya?(Bi-4p- 4)t2ﬁ+4 + rut  rtf rapuftt raﬁth ra?@p+2)u2Ptt  ra?(3p+2) t12Ptt  rayuPt2?
8(B+1)(B+2)? T8 8 20+2)(Bt4)  2B+2)(B+4)  B(B+1(B+2)? 8(B+2)2(B+1) 2(8+2)
T‘azytf+2uﬁ+2:| + DOM [i PR _] B t1§+1 aﬁtf“ 3 aﬁuﬁﬂ auﬁﬂtz a?(B— 1)t2 B+2
(B+2)? 2 2 (B+1) (B+1)(B+2)  (B+1)(B+2) (B+1) 22p+2)(B+1)
ozzp.tzzﬁ+1 a2(3p+1)u2h+2 a?uBrie, B+ vl P, red Otl?rtf+3 rap tﬁ+1 arpuf+3
2(2B+1) - 22B8+1)(2B8+2)(B+1) (B+1)2 e * 2 3 2(B+2)(B+3) 2(B+1) (B+1)(B+3) -

rauPt2e, raz([? Z)tzﬁ+3 rozzp.ztfﬁ+1 ra?(3p+1)uzh+3

(B+2) 4(B+2)(2B+3) 4(2B+1) 2(B+1)(28+3)(2B+1)
(39)

The number of deteriorated items over the period [0, t,] is given by
Production in [0, t;] - Demand in [0, u] — Demand in [0, t,]
=y Dy ftl te "t dt — Dy f” te™"t dt — Dyu ftz e Ttdt

T‘tl

3
=y Do (—-—) Do(—- =) -Doul(t; —p) - r(———)] (40)
Hence the productlon cost over the period [0, t,)]is given by
[S Kve T du = [ 8L o-rugy

0 Lo RS—1

=y D(}‘S Jo Fut S (1-ru) du

_ =S rt%—s

= my D [(2 = ! (41)

Shortage cost over the period [0, T] is given by
f 8(t)dt = f Dy ulft, — £) — 81T — £,1(t, — Dldt e
t t

2 2 2 2 2 3 2 2 3 3
=—Dou[{th—%—T——é‘(ﬁ—ﬂ—T—+t—2)—r%+ +r—+é‘r(T—t2)(t2T —t—z—%)}]

2 2 2 2 2 6
(42)
Lost sales cost per cycle is
T _ —
LS= D, yftz(l — e~ 8(T-t2)) gt
LS= Dy 1t ffz 8(T — t,)(t, — t) dT
Lost sales cost over the period [0,T] is
2 2 3 3 3 4 3 4 2m2
_D0M6[3T2t2_3t2_2T_T +t_2_5rt2T _ﬁ_'_ﬂ:z_'_%_'_rtzT] (43)
From (39)(40),(41), (42) (43), the total average inventory cost X of the system is
,B+3 2 2,8+3 4 ,8+4 2 2,8+4
aft (3p+2)t; rt aprt ra?(3p+2)t]
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. . . dX
Where X, is continuously deceases over n since d—nl <0,n>0
- X3
X3 _X03 +§
. . . dX
Where X;is continuously deceases over n since d—n3 <0n>0
- X4
X4— X04+F
. . . dX
Where X, is continuously deceases over n since d—: <0n>0
—y X5
X5=Xos 7%

. . . dX
Where X is continuously deceases over n since d—: <0n>0

Optimum values of t; and t, for minimum average cost are obtained as in Case 1 which gives

[}’+2 2 2[}’+2 3 [}’+3 2 2[}’+3
_ i _apty @ (3p+2)t] i} apr(3p+2)t] ra?(3p+2)t] < 3.2
X1 {(V 1D, <2 2(ﬁ+2)) 2(28+2)(B+2) 2 * 2(8+2) * 2(28+2)(B+2) + Do (vuty zyt1 *
2pp41 _ @BEIE  yeif Ty apedT  f Pty @tyefdT a@pgf
R 2(B+2)(B+1) 2 2(B+2) 2 B+1) B+1) 2(2p+2)(B+2)
azy(ﬁ—z)tfﬁ+2(2ﬁ+3) TV e +rved — rozyp.ztf,+1 _ Wa2u2(2ﬁ+2)tf‘8+1 ryaz(ﬁz—4ﬁ—4)tfﬁ+3 g roz/?tf+3
4(B+1)(B+2) 2 vt 2 8(p+1) 4(B+1)(B+2) 2 2(B+2)
ra?(3p+2)t2 P2 rayuBt2e,  raZycftiuBez 2 1-s (415 —
B+ (F+D) #+2) G ) XayDo(ty = 1) + ayy DT (T — 1ty — 5)=0
(45)
and
B+1 B+1 2(p_1)42B+1 2 2B 2, B+1,.B 2 2 B+2
o B apt, au as(B-1)t; _afuty a?uPthey  rt3  ru? afri;
X1Dou <t2 Koot 5 T T 2 2 TG 2 T2 T 26
rap?tf Btz ra2(g-2)e2P*?  razy2e2F 372
2 - r?ﬁ!:z) - 4(B+2)2 4 = ) = XsDou(L —18,) = X, Dop (T — 1) = & 2 36T +
t2 2 3
32—2) — T2t + 20763 — Srt, T2 + 2 51T —%&thz} + XsDoud (372 =36, T+ 213 =2 23 &
2
=+ rtZTZ) -X=0 (46)

IV. NUMERICAL EXAMPLES

Let us consider the inventory system with following data for case | (U< ;< ty)
Data for case | (U< t1< ty)
Do = 14, S:1.8, p,=2, (11:2.5, B: 006, (120.08, ’YZZ, r 20.03, Xo]_: 14, Xl’:8, X03:1.2, Xg’:O.Z, X04:12,
X4’:6, Xo5:2.9, X5’:O.6, 6:0.3, T:5, n =2, k=1
Output results are
t,=2.056569, t,;= 3.0112976, T.C. = 203.015
Graphical representation of the converities of t, and t, w.r.t. T.C for case1l.(u <t,
<t)

i
/4.0

40000 |

20 T~ | 3.5

¥3.0

Convexity of t; and t, w.r.t T.C
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TABLE 1: SENSITIVITY ANALYSIS: THE SENSITIVITY ANALYSIS OF THE KEY PARAMETER R, Do, A, B ARE GIVEN IN THE BELOW TABLE FOR

CASE |
PARAMETERS t % T.C.

0.31 2.05202 3.00235 197.976

0.32 2.04751 2.99348 192,977

r 0.33 2.04303 2.98468 188.018
0.34 2.03859 2.97595 183.008

14 2.05656 3.01129 203.015

15 2.05668 3.01125 217.077

Do 16 2.05677 3.01121 231.16
17 2.05685 3.01118 245.261

0.09 2.08359 2.99942 193.258

0.10 2.11048 2.98741 183.475

¢ 0.11 2.13719 2.97527 173.67
0.12 2.16367 2.96302 163.85

0.06 2.05656 3.01129 203.015

0.07 2.05859 3.01060 202.824

P 0.08 2.06064 3.00991 202.63
0.09 2.06270 3.00920 202.434

The Following points are observed
1. t,8t, decrease and T.C. also decreases with the increase in value of the parameter r
2. 1,8T.C. increase while t, decreases with the increase in value of the parameter Dy
3.ty increases while t, and T.C. decrease with the increase in value of the parameter o.
4. t; increases while t, and T.C. decrease with the increase in value of the parameter .

V. CONCLUSION

In this study, an EOQ model with ramp type demand rate and unit production cost under learning and
inflationary environment has been developed. The quality and quantity of goods decrease in course of time
due to deterioration is a natural phenomena .Hence consideration of Weibull distribution time varying
deterioration function defines a significant meaning of perishable, volatile and failure of any kind of item.
Shortages are allowed and partially backlogged. The two considered phenomena viz., learning and inflation
play an important role in realistic scenario. A mathematical model has been found to determine the optimal
ordering policy cost which minimizes the present worth of total optimal cost. Thus the model highlighted the
results with numerical examples.

Equation (24) and (25) are non- linear equation in t; and t,. These simultaneous non-linear equations can be
solved for suitable choice of the parameters Xy, X3 X4 Xsn, k,a,B,7,v, 4,8, Dy a, and s (#2). If t; and t;
are the solution of (24) and (25) for Case I, the corresponding minimum cost X*(t; t,) can be obtained from
(23). It is very difficult to show analytically whether the cost function X(t, t,) is convex. That is why, X (t;,
t,) may not be global minimum. If X (t t,) is not convex, then X (ty t,) will be local minimum.

Similarly, solution of equations (45) and (46) for Case Il can be obtained corresponding minimum cost X (t;,
t,) can be obtained from (44).

REFERENCES

[1] Abad, P.L. (1996), Optimal pricing and lot sizing under conditions of perishability and partial backlogging,
Management Science, 42 (8) , 1093-1104.

[2] Buzzacott, J.A. (1975), Economic order quantities with inflation, Operation Research Quarterly, 26(3), 553-558.

[3] Covert, R.P., Philip, G.C. (1973), An EOQ model for items with Weibull distribution deterioration. AIIE
Transactions, 5(4), 323-326.

39



[4] Deng, P.S., Lin, R.H.J., Chu, P.(2007), A note on the inventory models for deteriorating items with ramp type
demand rate, European Journal of Operational Research ,178(1),112-120.

[5] Dye, C.Y., Ouyang, L.Y. and Hsieh, T.P. (2007), Deterministic inventory model for deteriorating items with
capacity constraint and time proportional backlogging rate, European Journal of Operational Research, 178(3), 789-
807.

[6] Ghare, P. M. and Schrader, G. F, (1963) A model for exponentially decaying inventories, Journal of
Industrial Engineering, 14, 238-243.

[7] Giri, B.C., Jalan, A.K. and Chaudhuri, K.S.(2003), Economic order quantity model with Weibull deterioration
distribution shortage and ramp type demand, International Journal of Systems Science, 34 (4), 237-243.

[8] Hill, R.M. (1995), Inventory model for increasing demand followed by level demand, The Journal of the operational
Research Society, 46,1250-12509.

[9] Jayshree and Jain S. (2016), An EOQ model dealing with Weibull deterioration With shortages, ramp type demand
rate and unit production cost incorporating the effect of inflation.” Sixth International Conference on Computational
Intelligence & Information Technology- ClIT-2016, McGraw-Hill Conference Proceeding, 150-163.

[10] Jayshree and Singh S.R. (2016), “An inventory model for decaying items with ramp type demand under learning
effect,” Seventh International Conference on Advances in Computing, Control, and Telecommunication
Technologies - ACT 2016 pp-276-283.

[11] Kumar, N., Singh, S.R., and Kumari, R. (2013) Learning effect on an inventory model with two-level storage and
partial backlogging under inflation. International Journal of Services and Operations Management. Vol. 16, Issue 1,
pp. 105-122

[12] Mandal B. and Pal A.K., (1998)”Order level inventory system with ramp type demand rate for deteriorating items,”
Journal of Interdisciplinary Mathematics, vol.1, no. 1,pp. 49-66.

[13] Manna, P., Manna, S.K., Giri, B.C. (2016), An economic order quantity model with ramp type demand rate, constant
deterioration rate and unit production cost, Yugoslav Journal of Operations Research,

[14] Manna, S.K and Chaudhuri, K.S.(2006), An model with ramp type demand rate, time dependent deterioration rate,
unit production cost and shortages, European Journal of Operational Research, 171 (2), 557-566.

[15] Misra, R.B. (1975). Optimum production lot-size model for a system with deteriorating inventory. International
Journal of Production Research. 13 (5), 495-505.

[16] Singh C, Singh S.R. (2011), “Imperfect production process with exponential demand rate, Weibull deterioration
under inflation”, International Journal of Operational Research 12 (4), 430-445

[17] Singh S, Jain S., Pareek S. (2013), “An imperfect quality items with learning and inflation under two limited storage
Capacity,” International Journal of Industrial Engineering Computations 4(4), 479-490

[18] Singh S.R., Kumar N., Kumari R. (2009), “Two warehouse inventory model for deteriorating items with shortages
under inflation and time value of money”, International Journal of Computational and Applied Mathematics 4 (1),
83-94.

[19] Singh, S.R. and Singh, T.J. (2007), An EOQ inventory model with weibull distribution deterioration, ramp type
demand and partial backlogging rate, Indian Journal of Mathematics and Mathematical Science ,3(2),127-137.

[20] Singh, T.J., Singh, S.R. and Singh, C. (2008), Perishable inventory model with quadratic demand, partial
backlogging and permissible delay in payments, International Review of Pure and Applied Mathematics, 53-66.

[21] Skouri, K., Konstantaras, I., Manna, S. K. and Chaudhuri, K. S. (2011) Inventory models with ramp type
demand rate, partial backlogging and Weibull deterioration rate, European Journal of Operational Research,
192(1) 79-92.

[22] Wu, K. S., "An EOQ inventory model for items with \Weibull distribution deterioration, ramp type
demandrate and partial backlogging”, Production Planning and Control, 12 (2001) 787-793

[23] Wu, K.S., Ouyang, L.Y. and Yang, C.T. (2006), An optimal replenishment policy for non-instantaneous
deteriorating items with stock dependent demand and partial backlogging, International Journal of Production
Economics, 101, 369-384.

[24] Yadav, D., Singh, S.R., and Kumari, R. (2011), Optimization policy of inventory model under the effects of learning
and imprecise demand rate, International Journal of Inventory Control and Management, 1(1), 49-69.

[25] Yang G. K., Lin R., Lin J., Hung K,-C, , Chu P, , and Chouhuang W., “Note an inventory models with Weibull
distribution deterioration,” Production planning & Control, vol. 22, no. 4, pp, 437-444, 2011.

[26] Yang, H.L., (2012). Two -warehouse partial backlogging inventory models with three parameter Weibull
distribution deterioration under inflation International Journal of Production Economics 138 (1), 107-116.

[27] Yang, H.L., Teng, J.T. and Chern, M.S.(2001),Deterministic inventory lot —size models under inflation with
shortages and deterioration for fluctuating demand, Naval Research Logistics, 48, 144-158.

40



