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Abstract—The main purpose of this paper is to investigate the optimal replenishment policy 
under the learning effect and allowable shortages within the economic order quantity 
(EOQ) framework. We adopt a demand function which is ramp type pattern. The 
assumption that the goods in inventory always preserve their physical characteristics is 
unethical. Therefore another important factor is deterioration, as it may yield misleading 
results. The unit production cost is inversely proportional to the demand rate. Hence a 
mathematical model has been developed in the view of above scenario, in order to determine 
the optimal costs for two different cases, by minimizing the present worth of total costs. 
Finally, numerical examples are provided to illustrate the theoretical results and a sensitive 
analysis of the optimal solution has been performed to showcase the effect of various 
parameters.  
 
Index Terms— Ramp Type Demand, Weibull Deterioration, Unit Production Cost, 
Shortages, inflation, learning. 

I. INTRODUCTION 

In recent years, inventory problems for deteriorating items have been widely studied. Deteriorating is a 
general phenomenon for many products, in which fruits or vegetables are spoiled directly while alcohol 
physical depletate over time , and electronic products deteriorate rapidly as time went through a gradual of 
loss of potential utility, that result in the decrease of usefulness of commodities. The first attempt to describe 
the optimal ordering policies for such items was made by Ghare and Schrader in 1963. Covert and Philip 
[1973] proposed an inventory model with weibull distribution rate without considering shortages. More 
related articles can be referred  to like Yang et al. [2011], and Singh et al. [2007], Singh C.and Singh S.R. 
[2011], Manna and Chaudhuri [2006, 2016] and so forth.   
However, for deteriorating items it is unethical that the demand rate increases continuously during their full 
life cycle. Based on such  realistic facts, Hill proposed an inventory model with ramp type demand rate. 
Mandal and Pal [1998] extended this model to allow shortages. Further, Wu [2001] extended it to have 
Weibull distribution deterioration and time dependent backlogging. Shouri et. al. [2009] also considered a 
model by introducing a general ramp type demand rate, partial backlogging and Weibull deterioration rate.  
While, for some short life cycle products, the demand rate may increase up to a certain level, then reach a 
stabilized  period,  and finally  decrease  when the inventory level falls to zero.   There are many other related 
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literatures about such inventory model, such as Deng et. al. [2007], Giri et. al. [2003], Singh C.and Singh 
S.R. [2011]. 
Furthermore, when shortages occur, some customers are willing to wait for backorders to be fulfilled and 
others whom are often fickle and increasingly less loyal would not. Therefore, the occurrence of shortages in 
inventory is a natural phenomenon and in practice shortages are partially backlogged and partially lost. Some 
related works can be found in Abad [1996], Dye et al. [2007], Wu et al. [2006], Singh et al. [2009], Goyal et 
al. [2013]. 
Apart from the above mentioned facts, “learning” as natural phenomena, are observable everywhere. 
Learning implies that the performance of a system engaged in a repetitive task improves with time. This 
improvement of the system can be observed in manufacturing companies as a reduction in the cost and/ or 
time of production. Singh et. al. [2013], Jayshree & Singh [2016], Kumar et al (2013), Yadav et. al. [2012] 
and many others have developed inventory models to cover this phenomenon. 
After the global economic crisis, developing countries have suffered from large scale inflation. However, 
from a financial point of view, an inventory represents a capital investment and must complete with other 
assets for a firm’s limited capital funds .Understanding of inflation and time value of money is crucial. To get 
the real estimate of all costs incurred, it is logical to incorporate the net profit of inflation. The pioneer 
research in this area was Buzzacott [1975] and Misra [1975]. Thereafter, several interesting research papers 
have appeared e.g. Yang et. al. [2001], Yang [2012], Singh et. al.[2008, 2009]. 
This paper incorporates Weibull deterioration and ramp type demand with allowable shortages under learning 
phenomenon .We extend the work of Jayshree & Jain [2016] to propose an optimal replenishment policy 
within the EOQ framework and also carry out a sensitivity analysis of the main parameters. 

II. ASSUMPTIONS AND NOTATIONS 

The following notations and assumptions are considered to develop the inventory model  

A. Notations  
K- Unit Production cost (units /unit time)  
ଵܺ −Holding cost per order is partly constant and partly decreases in each cycle due to learning effect and 

defined as   ଴ܺଵ+௑′భ
௡ೖ

 , ݇ > 0 

ଷܺ −  Deterioration cost per order is partly constant and partly decreases in each cycle due to learning effect 
and defined as   ܺ଴ଷ+௑′య

௡ೖ
 , ݇ > 0 

ସܺ −Shortage cost per order is partly constant and partly decreases in each cycle due to learning effect and 
defined as   ଴ܺସ+௑′ర

௡ೖ
	 , ݇ > 0 

ହܺ −  Lost sales cost per order is partly constant and partly decreases in each cycle due to learning effect and 
defined as   ଴ܺହ+௑′ఱ

௡ೖ
 , ݇ > 0 

X – Total average cost for a production cycle  
r- Inflationary rate  
  Backlogging rate – ߜ

B. Assumptions 
(1) Demand rate in ramp type function of time, i.e. demand rate R= f (t) is assumed to be a ramp type 

function of time f(t)= D0[t-(t-ߤ) H(t-ߤ)] , D଴ > 0	and H(t) is a Heaviside’s function:  

H (t-ߤ) = ൜1		݂݅	ݐ ≥ ߤ
ݐ	݂݅		0 <    ߤ

(2) Deterioration varies unit time and it is function of two parameter Weibull distribution of the time, 
i.e.  ݐߚߙఉିଵ , 0 ߙ  > < ߚ ,1 ≥ 1,	where t denote time of deterioration . 

(3) Lead time is zero. 
(4) Inflation is considered.  
(5) Learning phenomenon is also considered. 
(6) Shortage are Allowed and partially backlogged. 
(7) K= ߛ	f (t) is the production rate where ߛ (> 1) is a constant. 
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The unit production cost ߙ= ݒଵܴି௦ where ߙଵ > 0, ݏ > 0	 and s ≠ 2. 
ଵߙ  is obviously positive since ݒ  and R are both non-negative. Also higher demands result in lower unit cost 
of production. This implies that ݒ and R are inversely related and hence, must be non-negative i.e. positive. 
Now, 

ௗ௏
ௗோ

(௦ାଵ)ିܴݏଵߙ− =     < 0. 
 

ௗమ௏
ௗோమ

ݏ)ݏଵߙ =     + 1)ܴି(௦ାଶ) > 0. 
 
Thus, marginal unit cost of production is an increasing function of R. These results imply that, as the demand 
rate increases, the unit cost of production decreases at an increasing rate. Due to this reason, the manufacture 
is encouraged to produce more as the demand for the item increases. The necessity of restriction s≠ 2 arises 
from the nature of the solution of the problem. 

III. MATHEMATICAL FORMULATION OF THE MODEL 

Case 1 ( ߤ ≤ ଵݐ ≤ tଶ) 
The stock level initially is zero. Production starts just after t=0. When the stock attains a level q at time t= 
ଵݐ ,		then the production stops at that time. The time point ߤ occurs before the point t=ݐଵ , where demand is 
stabilized after that the inventory level diminishes  due to both demand and deterioration ultimately falls to 
zero at time t = t2. After time ݐଶ shortages occurs at t=T, which are partially backlogged and partially lost. 
Then, the cycle repeats. 
Let Q(t) be the inventory level of the system at any time t(0<t<t2). The differential equations governing the 
system in the interval [0,t2]are given by  
 ௗொ(௧)
ௗ௧

+ (ݐ)ܳ	ఉିଵݐߚߙ = ܭ ≥0    (ݐ)ܨ− ݐ ≤  (1)      ߤ
with the condition Q(0)=0 
 ௗொ(௧)
ௗ௧

+ (ݐ)ܳ	ఉିଵݐߚߙ = ܭ ≥μ         (ݐ)ܨ− ݐ ≤  ଵ    (2)ݐ
with the condition ܳ(ݐଵ) =  ݍ
ௗொ(௧)
ௗ௧

+∝ (ݐ)ܳ	ఉିଵݐߚ = ≥t1      (ݐ)ܨ− ݐ ≤  ଶ    (3)ݐ
with the condition ܳ(ݐଵ) =                      0=(ଶݐ)	ܳ,ݍ
	ௗொ(௧)
ௗ௧

= −݁ିఋ(்ି୲మ)(ݐ)ܨ    tଶ ≤ ݐ ≤ T    (4) 
 with the condition 	ܳ(ݐଶ)=0 
Using ramp type function F(t), equation (1),(2),(3),(4) become respectively 
ௗொ(௧)
ௗ௧

+∝ (ݐ)ܳ	ఉିଵݐߚ = ߛ) − ≥0    ݐ଴ܦ(1 ݐ ≤  (5)    ߤ
with the condition Q(0) = 0 
ௗொ(௧)
ௗ௧

+∝ (ݐ)ܳ	ఉିଵݐߚ = ߛ) − ߤ   ߤ଴ܦ(1 ≤ ݐ ≤ tଵ     (6) 
with the condition ܳ(ݐଵ) =  ݍ
ௗொ(௧)
ௗ௧

+∝ (ݐ)ܳ	ఉିଵݐߚ = tଵ     ߤ଴ܦ ≤ ݐ ≤ tଶ      (7)      
With the conditions ܳ(ݐଵ)= q, ܳ(ݐଶ)= 0, 
	ௗொ(௧)
ௗ௧

= −݁ିఋ(்ି୲మ)ܦ଴ߤ             tଶ ≤ ݐ ≤ T     (8) 
with the condition Q(t2)=0                        
(5),(6),(7),(8) are first order linear differential equations  
For the solution of equation (5) we get 
ఈ௧ഁ݁(ݐ)ܳ = ߛ) − ఈ௧݁ݐ଴ܦ∫(1

ഁ +    ܥ

= ( γ -1)ܦ଴	[
௧మ

ଶ
+ ఈ௧ഁశమ

ఉାଶ
+ ఈమ௧మഁశమ

ଶ(ଶఉାଶ) +−−] +  (9)       ܥ
By using the condition Q (0) = 0         (10) 

(ݐ)ܳ = (γ − ଴݁ିఈ௧ܦ(1
ഁ[௧

మ

ଶ
+ ఈ௧ഁశమ

(ఉାଶ) + ఈమ௧మഁశమ

ଶ(ଶఉାଶ) +−−], 0≤ ݐ ≤  (11)    ߤ
for the solution of equation (6) we have  
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න ݀[݁ఈ௧ഁ
௧

ఓ
[(ݐ)ܳ = (γ − ߤ	଴ܦ	(1 න ݁ఈ௧ഁ݀ݐ

௧

ఓ
	 

 

= (γ − ఈ௧ି݁ߤ଴ܦ(1
ഁ ݐ]	 − ఓ

ଶ
+ ఈ௧ഁశభ

(ఉାଵ)
+ ఈమ௧మഁశభ

ଶ(ଶఉାଵ)
− ఈఓഁశభ

(ఉାଵ)(ఉାଶ)
− ఈమఓమഁశభ

ଶ(ଶఉାଵ)(ଶఉାଶ)
ߤ,[ ≤ ݐ ≤ tଵ               (12)  

The solution of equation (7) is given by   
  

Q(t) ݁ఈ௧ഁ = ߤ݋ܦ− ቀݐ + ఈ௧ഁశభ

ఉାଵ
+ ఈమ௧మഁశభ

ଶ(ଶఉାଵ) +							ቁ+  ܥ
Putting Q(t)1 = q we get 

C=q݁ఈ௧భ
ഁ

+ ߤ݋ܦ ൬ݐଵ + ఈ௧భఉାଵ
ఉାଵ

+ ఈమ௧భ
మഁశభ

ଶ(ଶఉାଵ) +																			൰            (13)                                                                                                                         
Using initial condition Q(t2 )=0 in equation (13) we have, 
               

q= ܦ଴ ି݁ߤఈ௧భ
ഁ	(	௧మା ఈ௧మഁశభ

ఉାଵ
+ ఈమ௧మమഁశభ

ଶ(ଶఉାଵ)
+				) ఈ௧భି݁	ߤ଴ܦ−

ഁ
ଵݐ)	 + ఈ௧భഁశభ

ఉାଵ
+ ఈమ௧భమഁశభ

ଶ(ଶఉାଵ) + −−) 
Substitute q in equation (13) the solution of equation  (7) is  
(ݐ)	ܳ = ఈ௧ି݁	ߤ	଴ܦ

ଶݐ	)]ഁ − (ݐ + ఈ
ఉାଵ

ଶఉାଵݐ	) − (ఉାଵݐ + ఈమ

ଶ(ଶఉାଵ)
൫	ݐଶଶఉାଵ − ଶఉାଵ൯ݐ + −−	] 

	ଵݐ ≤  ଶ          (15)ݐ ≥ ݐ
The solution of equation (8) is  
ௗொ(௧)
ௗ௧

= 			ఋ(்ି௧మ)ି݁	ߤ଴ܦ− 	ଶݐ                                           ≤ 	ݐ ≤ ܶ 
with boundary condition ܳ(ݐଶ) = 0, we get  
(ݐ)ܳ = ଶݐ)]ߤ	଴ܦ		 − (ݐ − ܶ)ߜ − ଶݐ)(ଶݐ −  (16)      [(ݐ
Shortage cost over the period [0,T] is defined as  
= ߤ	଴ܦ− ቂቄܶݐଶ −

௧మమ

ଶ
− ்మ

ଶ
− ߜ ቀଷ௧మ்

మ

ଶ
− ଷ௧మమ்

ଶ
− ்మ

ଶ
+ ௧మయ

ଶ
ቁ − ቄݎ ்

మ௧మ
ଶ

+ ݎ ௧మ
య

ଶ
+ ݎ ்

య

ଷ
+ ܶ)	ݎߜ − (ଶݐ ቀ௧మ்

మ

ଶ
− ௧మయ

଺
−

்య

ଷ
ቁቅቃ   `             (17) 

Lost sales cost per cycle is 
LS= ܦ଴	ߤ ∫ (1− ݁ିఋ(்ି௧మ))்

௧మ
 ݐ݀

LS= ܦ଴	ߤ ∫ ܶ)ߜ − ଶݐ)(ଶݐ − ்(ݐ
௧మ

 ݐ݀
Lost sale cost over the period [0,T] is given by 
LS= ܦ଴	ߜߤ ቂ

ଷ்మ௧మ
ଶ

− ଷ௧మమ்
ଶ
−	்

య

ଶ
+ 	 ௧మ

య

ଶ
− ହ௥௧మ்య

଺
−	௥௧మ

ర

଺
+ ௥்௧మయ

଺
+ ௥்ర

ଷ
+ ௥௧మమ்మ

ଶ
ቃ   (18) 

The total inventory over the period [0, t2] is 

න ௥௧ି݁ݐ݀(ݐ)	ܳ =	
௧మ

଴
න ݐ௥௧݀ି݁(ݐ)	ܳ + 	න ݐ௥௧݀ି݁(ݐ)	ܳ +

௧భ

ఓ

ఓ

଴
න ݐ௥௧݀ି݁(ݐ)	ܳ
଴

௧భ
 

න ݐ௥௧݀ି݁(ݐ)ܳ = න (γ − ଴݁ିఈ௧ܦ(1
ഁ[
ଶݐ

2 +
ఉାଶݐߙ

ߚ) + 2) +
ଶఉାଶݐଶߙ

ߚ2)2 + 2) + −−]݁ି௥௧݀ݐ
ఓ

଴
	

ఓ

଴
 

 

଴  [ఓܦ (1-ߛ) = 
య

଺
− ఈఉఓഁశయ

ଶ(ఉାଶ)(ఉାଷ)
− ఈమ(ଷఉାଶ)ఓమഁశయ

ଶ(ఉାଶ)(ଶఉାଶ)(ଶఉାଷ)
− ௥ఓమ

଼
+ ௥ఈఉఓഁశర

ଶ(ఉାଶ)(ఉାସ)
− ௥ఈమ(ଷఉାଶ)ఓమഁశర

ଶ(ఉାଶ)(ଶఉାଶ)(ଶఉାସ)
] 

∫ ௧భݐ௥௧݀ି݁(ݐ)ܳ
ఓ = ߛ)ߤ	଴ܦ − 1)∫ ݐ] − ఓ

ଶ
+௧భ

ఓ
ఈ௧ഁశభ

(ఉାଵ)
+ ఈమ௧మഁశభ

ଶ(ଶఉାଵ)
− ఈఓഁశభ

(ఉାଵ)(ఉାଶ)
− ఈమఓమഁశభ

ଶ(ଶఉାଵ)(ଶఉାଶ)
− ఉାଵݐߙ + ఈఓ௧ഁ

ଶ
−

ఈమ௧మഁశభ

(ఉାଵ)
+ ఈమ௧ഁఓഁశభ

(ఉାଵ)(ఉାଶ)
] ݁ି௥௧  ݐ݀ 

ߛ)	ߤ଴ܦ = − 1)∫ ݐ − ఓ
ଶ

௧భ
ఓ + ఈ௧ഁశభ

(ఉାଵ) + ఈమ௧మഁశభ

ଶ(ଶఉାଵ) −
ఈఓഁశభ

(ఉାଵ)(ఉାଶ) −	
ఈమఓమഁశభ

ଶ(ଶఉାଵ)(ଶఉାଶ) − ఉାଵݐߙ	 + ఈఓ௧ഁ

ଶ
− ఈమ௧మഁశభ

(ఉାଵ)
+

ఈమ௧ഁఓഁశభ

(ఉାଵ)(ఉାଶ)
− ଶݐݎ + ݐݎ ఓ

ଶ
− ఈ௥௧ഁశమ

(ఉାଵ)
− ௥ఈమ௧మഁశమ

ଶ(ଶఉାଵ)
+ ఈ௥ఓഁశభ௧

(ఉାଵ)(ఉାଶ)
+ ݎఉାଶݐߙ − ௥ఈఓ௧ഁశభ

ଶ
+ ௥ఈమ௧మഁశమ

(ఉାଵ)
− ௥ఈమ௧ഁశభఓഁశభ

(ఉାଵ)(ఉାଶ)
 

න ݐ௥௧݀ି݁(ݐ)ܳ = නߤ଴ܦ ଶݐ)] − (ݐ +
ߙ

ߚ) + 1)

௧మ

௧భ
൫ݐଶఉାଵ − ఉାଵ൯ݐ +

ଶߙ

ߚ2)2 + 1) ଶݐ)	
ଶఉାଵ

௧మ

	௧భ

− ଶఉାଵ)]݁ିఈ௧ഁݐ ݁ି௥௧݀ݐ 



 
33 

 

௧మ]ߤ	଴ܦ=
మ

ଶ
− ଵݐଶݐ + ௧భమ

ଶ
+

(ఈ)௧మ
ഁశమఉ

(ఉାଵ)(ఉାଶ) −
ఈ௧భ௧మ

ഁశభ

(ఉାଵ) − ఈఉ௧భ
ഁశమ

(ఉାଵ)(ఉାଶ) −
ఈమ௧మ

మഁశభ௧భ
ଶ(ଶఉାଵ) + ఈమ௧మ

మഁశమ(ఉାଷ)

ଶ(ଶఉାଶ)(ఉାଵ) + ఈమ௧భ
మഁశమ(ହఉାଷ)

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଵ) +
ఈ௧మ௧భ

ഁశభ

(ఉାଵ) − ఈమ௧మ
ഁశభ௧భ

ഁశభ

(ఉାଵ)మ − ௥௧మమ

ଶ
+ ଵݐଶݐݎ −

௥௧భమ

ଶ
− ௥ఈ௧మ

ഁశమ

(ఉାଵ) + ௥ఈ௧మ
ഁశభ௧భ

(ఉାଵ) + ௥ఈ௧భ
ഁశయఉ

(ఉାଷ)(ఉାଵ) −
ఈమ௧మ

మഁశమ௥
ଶ(ଶఉାଵ) + ௥ఈ௧మ

ഁశయ(ଶఉାଷ)
(ఉାଵ)(ఉାଶ)(ఉାଷ) −

ଷఈమఉ௧మ
మഁశయ௥

ଶ(ଶఉାଵ)	(ఉାଶ)(ଶఉାଷ) −
ఈమ(ହఉାଷ)	௧భ

మഁశయ௥
ଶ(ଶఉାଵ)	(ఉାଵ)(ଶఉାଷ) −

ఈ௧మ௧భ
ഁశమ

(ఉାଶ) + ఈమ௧మ
ഁశభ௧భ

ഁశమ

(ఉାଵ)(ఉାଶ) ] 

Therefore, the total inventory in [0, t2] is given by 

∫ ݐ௥௧݀ି݁(ݐ)ܳ = ߛ) − 1)௧మ
଴ ଴[ఓܦ

య

଺
− ఈఉఓഁశయ

ଶ(ఉାଶ)(ఉାଷ)
− ఈమ(ଷఉାଶ)ఓమഁశయ

ଶ(ఉାଶ)(ଶఉାଶ)(ଶఉାଷ)
− ௥ఓమ

଼
+ ௥ఈఉఓഁశర

ଶ(ఉାଶ)(ఉାସ)
−

௥ఈమ(ଷఉାଶ)ఓమഁశర

ଶ(ఉାଶ)(ଶఉାଶ)(ଶఉାସ)
	] + ߛ)	ߤ	଴ܦ − 1) ൤௧భ

మ

ଶ
− ఓ௧భ

ଶ
− ఈఉ௧భഁశమ

(ఉାଵ)(ఉାଶ) + ఈఉఓഁశమ

ଶ(ఉାଵ)(ఉାଶ) −
ఈమ(ଷఉାଵ)௧భమഁశమ

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଵ) +

ఈమఉఓమഁశమ

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଶ) −
ఈఓഁశభ௧భ

(ఉାଵ)(ఉାଶ) −
ఈమఓమഁశభ௧భ

ଶ(ଶఉାଵ)(ଶఉାଵ) + ఈమ௧భ
ഁశభఓഁశభ

(ఉାଵ)మ(ఉାଶ) −
௥௧భయ

ଷ
+ ௥ఓయ

ଵଶ
+ ௥௧భమఓ

ସ
+ ఈ௥௧భഁశయఉ

(ఉାଵ)(ఉାଷ) +
௥ఈఉఓഁశయ

ଶ(ఉାଵ)(ఉାଷ)(ఉାଶ) −
௥ఈమ௧భమഁశయ

ଶ(ଶఉାଵ)(ଶఉାଷ) + ௥ఈఓഁశభ௧భమ

ଶ(ఉାଵ)(ఉାଶ) + ௥ఈమఓమഁశభ௧భమ

ସ(ଶఉାଵ)(ଶఉାଶ) + ௥ఈ௧భ(ഁశయ)

(ఉାଷ) − ఈఓ௥௧భഁశమ

ଶ(ఉାଶ) + ఈమ௥௧భ
మഁశయ

(ఉାଵ)(ଶఉାଷ) −

௥ఈమ௧భ
ഁశమఓഁశభ

(ఉାଵ)(ఉାଶ)మ + ௥ఈమఓమഁశయ൫ି଻ఉమିଵଶఉିସ൯
଼(ఉାଵ)(ఉାଶ)మ(ଶఉାଷ) + ఈఓ௧భ

ഁశభ

ଶ(ఉାଵ)
൨+	 ܦ଴	ߤ[௧మ

మ

ଶ
− ଵݐଶݐ + ௧భమ

ଶ
+

(ఈ)௧మ
ഁశమఉ

(ఉାଵ)(ఉାଶ) −
ఈ௧భ௧మ

ഁశభ

(ఉାଵ) − ఈఉ௧భ
ഁశమ

(ఉାଵ)(ఉାଶ) −
ఈమ௧మ

మഁశభ௧భ
ଶ(ଶఉାଵ) + ఈమ௧మ

మഁశమ(ఉାଷ)

ଶ(ଶఉାଶ)(ఉାଵ) + ఈమ௧భ
మഁశమ(ହఉାଷ)

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଵ) + ఈ௧మ௧భ
ഁశభ

(ఉାଵ) − ఈమ௧మ
ഁశభ௧భ

ഁశభ

(ఉାଵ)మ − ௥௧మమ

ଶ
+ ଵݐଶݐݎ −

௥௧భమ

ଶ
− ௥ఈ௧మ

ഁశమ

(ఉାଵ) + ௥ఈ௧మ
ഁశభ௧భ

(ఉାଵ)  

+
௥ఈ௧భ

ഁశయఉ
(ఉାଷ)(ఉାଵ) - 

ఈమ௧మ
మഁశమ௥

ଶ(ଶఉାଵ)  + 
௥ఈ௧మ

ഁశయ(ଶఉାଷ)
(ఉାଵ)(ఉାଶ)(ఉାଷ) −

ଷఈమఉ௧మ
మഁశయ௥

ଶ(ଶఉାଵ)	(ఉାଶ)(ଶఉାଷ) −
ఈమ(ହఉାଷ)	௧భ

మഁశయ௥

ଶ(ଶఉାଵ)	(ఉାଵ)(ଶఉାଷ) −
ఈ௧మ௧భ

ഁశమ

(ఉାଶ) + ఈమ௧మ
ഁశభ௧భ

ഁశమ

(ఉାଵ)(ఉାଶ) ]                            
       (19) 
Total number of deteriorated items over the period [0,t2] is given by 
 Production in [0,μ]+ Production in [μ,t1] – Demand in [0,μ] –Demand  in [μ, t2]  
ߛ= ∫ ݐ௥௧݀ି݁ݐ݋ܦ + ߛ	 ∫ ଴ܦ

௧భ
௢

ఓ
௢ ݐ௥௧݀ି݁ߤ − ଴ܦ ∫ ఓݐ௥௧݀ି݁ݐ

௢ − ∫ ௧మݐ௥௧݀ି݁ߤ݋ܦ
ఓ  

 
=ଵ
ଶ
ߤ଴ܦߛ ቂ2ݐଵ − ߤ − ଵଶݐݎ + ௥ఓమ

ଷ
ቃ − ଵ

ଶ
ߤ	଴ܦ ቂ2ݐଶ − ߤ − ଶଶݐݎ + ௥ఓమ

ଷ
ቃ					    (20) 

The cost of production in [ݑ, ݑ +  	ݏ݅	[ݑ݀
Kv dݑ = ఈభఊ

ோೞషభ
			          (21) 

Hence the production cost over the period  [o,	ݐଵ] is given by  
∫ Kv݁ି௥௨݀ݑ = ∫ Kv݁ି௥௨݀ݑ + ∫ Kv݁ି௥௨݀ݑ௧భ

ఓ
ఓ
଴

௧భ
௢   

= ∫ ఈభఊ
ோೞషభ

݁ି௥௨݀ݑ + ∫ ఈభఊ
ோೞషభ

݁ି௥௨݀ݑ௧భ
ఓ

ఓ
௢   

    
଴ଵି௦ܦߛଵߙ= ቂ

(௦ିଵ)ఓమషೞା(ଶି௦)ఓభషೞ௧భ
(ଶି௦)

ቃ+ ଴ଵି௦[ఓܦݎߛଵߙ
ଶ

ଷି௦
− ௧భ

ଶ

ଶ
ଵି௦ߤ − ఓభషೞ

(ଵି௦)
]      (22) 

The total average inventory cost X  is given by  

X= Inventory Cost + Deterioration Cost+ Production Cost+ Shortage Cost + Lost Sales Cost  

 X = ଵ
௧మ

[	 ଵܺ	{(1-ߛ) ܦ଴  (ఓ
య

଺
− ఈఉఓഁశయ

ଶ(ఉାଶ)(ఉାଷ)
−  ఈమ(ଷఉାଶ)ఓమഁశయ

ଶ(ఉାଶ)(ଶఉାଶ)(ଶఉାଷ)
− ௥ఓమ

଼
+ ௥ఈఉఓഁశర

ଶ(ఉାଶ)(ఉାସ)
− ௥ఈమ(ଷఉାଶ)ఓమഁశర

ଶ(ఉାଶ)(ଶఉାଶ)(ଶఉାସ)
 ଴ܦ	+(

௧భ) (1-ߛ)ߤ
మ

ଶ
− ఓ௧భ

ଶ
− ఈఉ௧భഁశమ

(ఉାଵ)(ఉାଶ) + ఈఉఓഁశమ

ଶ(ఉାଵ)(ఉାଶ) −
ఈమ(ଷఉାଵ)௧భమഁశమ

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଵ) + ఈమఉఓమഁశమ

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଶ) −
ఈఓഁశభ௧భ

(ఉାଵ)(ఉାଶ) −
ఈమఓమഁశభ௧భ

ଶ(ଶఉାଵ)(ଶఉାଶ) + ఈమ௧భ
ഁశభఓഁశభ

(ఉାଵ)మ(ఉାଶ) −
௥௧భయ

ଷ
+ ௥ఓయ

ଵଶ
+ ௥௧భమఓ

ସ
+ ఈ௥௧భഁశయఉ

(ఉାଵ)(ఉାଷ) + ௥ఈఉఓഁశయ

ଶ(ఉାଵ)(ఉାଷ)(ఉାଶ) −
௥ఈమ௧భమഁశయ

ଶ(ଶఉାଵ)(ଶఉାଷ) +

௥ఈఓഁశభ௧భమ

ଶ(ఉାଵ)(ఉାଶ) + ௥ఈమఓమഁశభ௧భమ

ସ(ଶఉାଵ)(ଶఉାଶ) + ௥ఈ௧భ(ഁశయ)

(ఉାଷ) − ఈఓ௥௧భഁశమ

ଶ(ఉାଶ) + ఈమ௥௧భ
మഁశయ

(ఉାଵ)(ଶఉାଷ) −
௥ఈమ௧భ

ഁశమఓഁశభ

(ఉାଵ)(ఉାଶ)మ + ௥ఈమఓమഁశయ൫ି଻ఉమିଵଶఉିସ൯
଼(ఉାଵ)	(ఉାଶ)మ(ଶఉାଷ) +

ఈఓ௧భ
ഁశభ

ଶ(ఉାଵ))+	ܦ଴	ߤ(௧మ
మ

ଶ
− ଵݐଶݐ + ௧భమ

ଶ
+

(ఈ)௧మ
ഁశమఉ

(ఉାଵ)(ఉାଶ) −
ఈ௧భ௧మ

ഁశభ

(ఉାଵ) − ఈఉ௧భ
ഁశమ

(ఉାଵ)(ఉାଶ) −
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మഁశభ௧భ
ଶ(ଶఉାଵ) + ఈమ௧మ

మഁశమ(ఉାଷ)

ଶ(ଶఉାଶ)(ఉାଵ) +
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ఈమ௧భ
మഁశమ(ହఉାଷ)

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଵ) + ఈ௧మ௧భ
ഁశభ

(ఉାଵ) − ఈమ௧మ
ഁశభ௧భ

ഁశభ

(ఉାଵ)మ − ௥௧మమ

ଶ
+ ଵݐଶݐݎ −

௥௧భమ

ଶ
− ௥ఈ௧మ

ഁశమ

(ఉାଵ) + ௥ఈ௧మ
ഁశభ௧భ

(ఉାଵ) + ௥ఈ௧భ
ഁశయఉ

(ఉାଷ)(ఉାଵ) – ఈ
మ௧మ
మഁశమ௥

ଶ(ଶఉାଵ) −
௥ఈ௧మ

ഁశయ(ଶఉାଷ)
(ఉାଵ)(ఉାଶ)(ఉାଷ) −
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మഁశయ௥

ଶ(ଶఉାଵ)	(ఉାଶ)(ଶఉାଷ) –
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మഁశయ௥
ଶ(ଶఉାଵ)	(ఉାଵ)(ଶఉାଷ) −

ఈ௧మ௧భ
ഁశమ
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ഁశమ
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ଶ
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ଶ

ଶ
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(ଵି௦)}]	(23) 

	 ଵܺ= ଴ܺଵ + ଡ଼యᇲ

୬ౡ
 

Where Xଵis	continuously	deceases over n since ୢଡ଼భ
ୢ୬

< 0,n> 0 

Xଷ=X଴ଷ+ଡ଼య
ᇲ

୬ౡ
 

Where Xଷis	continuously	deceases over n since ୢଡ଼య
ୢ୬

< 0,n> 0 

Xସ=  ܺ଴ସ+௑′ర
௡ೖ

 

Where Xସis	continuously	deceases over n since ୢଡ଼ర
ୢ୬

< 0,n> 0 

Xହ=X଴ହ+ଡ଼ఱ
ᇲ

୬ౡ
 

 
Where Xହis	continuously	deceases over n since ୢଡ଼ర

ୢ୬
< 0,n> 0 

 
Optimum values of tଵ	and	tଶ for minimum average cost X	 are the solutions of the equations  
 డ௑

డ௧భ
= 0	ܽ݊݀	 డ௑

డ௧మ
=0  

Provided they  satisfy the sufficient conditions  
 డమ௑

డ௧భమ
 > 0, డ

మ௑
డ௧మమ

> 0 and డ
మ௑
డ௧భమ

డమ௑
డ௧మమ

- ( డమ௑
డ௧భడ௧మ

)ଶ > 0 
డ௑
డ௧భ

= 0	ܽ݊݀	 డ௑
డ௧మ

=0 gives  

ଵܥ 	൜	ܦ଴ߤ	ߛ) − 1) ൬ݐଵ −
ఈఉ௧భ

ഁశభ

(ఉାଵ) −	
ఈమ(ଷఉାଵ)௧భ

మഁశభ

ଶ(ଶఉାଵ)(ఉାଵ) −
ఈఓഁశభ

(ఉାଵ)(ఉାଶ) −
ఈమఓమഁశభ

ଶ(ଶఉାଵ)(ଶఉାଶ) −
ఓ
ଶ
	+ ఈమ௧భ

ഁఓഁశభ

(ఉାଵ)(ఉାଶ) − ଵଶݐݎ + ௥௧భఓ
ଶ

+
ఈ௥௧భ

ഁశమఉ
(ఉାଵ) − ௥ఈమ௧భ

మഁశమ

ଶ(ଶఉାଵ) + ௥ఈఓഁశభ௧భ
(ఉାଵ)(ఉାଶ) + ௥ఈమఓమഁశభ௧భ

ଶ(ଶఉାଵ)(ଶఉାଶ)
+ ଵݐߙݎ

ఉାଶ − ఈఓ௥௧భ
ഁశభ

ଶ
+ ఈమ௥௧భ

మഁశమ

(ఉାଵ) − ௥ఈమ௧భ
ഁశభఓഁశభ

(ఉାଵ)(ఉାଶ) + ఈఓ௧భ
ഁ

ଶ
൰+

	ߤ଴ܦ ൬−ݐଶ + ଵݐ −
ఈ௧మ

ഁశభ

(ఉାଵ) −
ఈఉ௧భ

ഁశభ

(ఉାଵ) −
ఈమ௧మ

మഁశభ

ଶ(ଶఉାଵ) + ఈమ௧భ
మഁశభ(ହఉାଷ)

ଶ(ଶఉାଵ)(ఉାଵ) + ଵݐଶݐߙ
ఉ − ఈమ௧మ

ഁశభ௧భ
ഁ

(ఉାଵ) + ଶݐݎ − ଵݐݎ + ௥ఈ௧మ
ഁశభ

(ఉାଵ) +
௥ఈ௧భ

ഁశమఉ
(ఉାଵ) − ఈమ(ହఉାଷ)௧భ

మഁశమ௥
ଶ(ଶఉାଵ)(ఉାଵ) − ଵݐଶݐߙ

ఉାଵ + ఈమ௧మ
ഁశభ௧భ

ഁశభ

(ఉାଵ) 	൰ൠ+ ܿଷߛ	ܦ଴1)ߤ − (ଵݐݎ + ଵି௦ߤ଴ଵି௦ܦߛଵߙ −
ଵି௦ߤଵݐ଴ଵି௦ܦߛଵߙ = 0 (24) 

and 

ଵܺܦ௢ߤ ൬ݐଶ − ଵݐ + ఈఉ௧మ
ഁశభ

(ఉାଵ) − ଶݐ	ଵݐߙ
ఉ − ఈమ௧భ௧మ

మഁ

ଶ
+ ఈమ(ఉାଷ)௧మ

మഁశభ

ଶ(ఉାଵ) + ఈ௧భ
ഁశభ

(ఉାଵ) −
ఈమ௧భ

ഁశభ௧మ
ഁ

(ఉାଵ) − ଶݐݎ + ଵݐݎ −
௥ఈ(ఉାଶ)௧మ

ഁశభ

(ఉାଵ) +

ଶݐଵݐߙݎ
ఉ − ௥ఈమ(ଶఉାଶ)௧మ

మഁశభ

ଶ(ଶఉାଵ) + ௥ఈ(ଶఉାଷ)௧మ
ഁశమ

(ఉାଵ)(ఉାଶ) − ଷఈమఉ௥௧మ
మഁశమ

ଶ(ଶఉାଵ)(ఉାଶ) −
ఈ௧భ

ഁశమ

(ఉାଶ) + ఈమ௧మ
ഁ௧భ

ഁశమ

(ఉାଶ)
൰ − ܺଷܦ௢1)ߤ− −(ଶݐݎ

ସܺܦ௢ߤ{(ܶ − (ଶݐ − ଷ)ߜ
ଶ
ܶଶ − ଶܶݐ	3 + ଷ௧మమ

ଶ
) − ௥்మ

ଶ
+ ଷ௥௧మమ

ଶ
ଶܶଶݐݎߜ− + ଶ

ଷ
ଶଷݐݎߜ + ହ

଺
ଷܶݎߜ − ఋ௥்௧మమ	

ଶ
} +

ହܺܦ௢ߜߤ ቀ
ଷ
ଶ
ܶଶ − ଶܶݐ3 + ଷ

ଶ
ଶଶݐ −

ହ௥்య

଺
− ଶ

ଷ
ଶଷݐݎ + ଵ

ଶ
ଶଶݐܶݎ + ଶܶଶቁݐݎ − ܺ = 0 (25) 

 
Case–II (t1 ≤  μ ≤ t2   ) 
 The production starts with zero stock level at t=0. Production begins at t=0 and continues up to  t=t1and stops 
as soon as the stock level becomes L at t= t2. Because of reasons of market demand and deterioration of items, 
the inventory   level decreases till it becomes again zero at t= t2 .After time t= t2, another important factor 
occurs which is shortages. After that period, the cycle repeats itself.  
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Let Q(t) be the inventory level of the system at any time t (0 ≤ t ≤ t2). The differential equations governing the 
system in the interval [0, t2] are given by 

)()()( 1 tFKtQt
dt

tQd
      0 ≤ t ≤ t1     (26)  

with the condition Q (0) = 0, Q (t1) = L 

)()()( 1 tFtQt
dt

tQd
      t1 ≤ t ≤ μ    ` (27) 

with the condition Q (t1) = L 

)()()( 1 tFtQt
dt

tQd
      μ  ≤  t  ≤  t2      (28) 

with the condition Q (t2) = 0 
)( tTe

dt
Qd   F(t)       t2  ≤  t  ≤  T     (29) 

with the condition Q (t2) = 0     
using ramp type function F (t) equations (26),(27)(28),(29) become respectively 

tDtQt
dt

tQd
0

1 )1()()(
                0 ≤ t ≤ t1           (30) 

with the condition Q (0) = 0, Q (t1) = L     

tDtQt
dt

tQd
0

1 )()(
               t1 ≤ t ≤ μ         (31) 

with the condition Q (t1) = L 

 
0

1 D)t(Qt
dt

)t(Qd      μ ≤  t  ≤  t2         (32) 

with the condition Q (t2) = 0 

)( tTe
dt
Qd   0D                 t2 ≤ t ≤ T      (33) 

with the condition Q (t2) = 0 
The solution of equation (30) is given by the expression (11) and we have 

CtttDtQe t 
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With the condition Q(0) = 0, we get  
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  ttteDtQ t     0 ≤ t ≤ t1   (34)    

Using boundary condition Q(t1) = L in (34) we get 
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Therefore the solution of equation (31) is given by  

tDtQt
dt

tQd
0
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Using condition Q(t1) = L  
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Using boundary condition Q(t2) = 0, the solution of equation (32) is given by 
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The solution of equation (33) is given by  
ௗொ(௧)
ௗ௧

	ଶݐ                                         			ఋ(்ି௧మ)ି݁	ߤ ଴ܦ- =  ≤ 	ݐ ≤ ܶ 
 
By using the boundary condition ܳ(ݐଶ) =0, we get  
(ݐ)ܳ = ଶݐ)]ߤ	଴ܦ		 − (ݐ − ܶ)ߜ −  (38)       [(ݐଶିݐ)(ଶݐ
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=D0  

[ఊఓ௧భ
మ

ଶ
−	ఊ௧భ

య

ଶ
+ ఈఓఊ௧భ

ഁశమ

(ఉାଶ)
− ఈఊఉ௧భ

ഁశయ

ଶ(ఉ௦௦ାଶ)(ఉାଵ)
+ ఈమఊ௧భ

మഁశమఓ
ଶ(ଶఉାଶ)

− ఈఉ௧భ
ഁశయ

ଶ(ఉାଶ)(ఉାଷ)
− ఓయ

଺
+ ௧భయ

଺
+ ఈఉఓഁశయ

ଶ(ఉାଶ)(ఉାଷ)
+ ఈమ(ଷఉାଶ)ఓమഁశయ

ଶ(ଶఉାଶ)(ଶఉାଷ)(ఉାଶ)
−

	ఈఊఓ
ഁశభ௧భమ

ଶ(ఉାଵ)
− ఈమఊఓഁశభ௧భ

ഁశమ

(ఉାଶ)(ఉାଶ)
− ఈమ(ଷఉାଶ)௧భ

మഁశయ

ଶ(ଶఉାଶ)(ଶఉାଷ)(ఉାଶ)
−	ఈ

మఊ(ఉିଶ)௧భ
మഁశయ

ଶ(ఉାଵ)(ఉାଶ) − ௥ఊఓమ௧భమ

ସ
+ ௥ఊ௧భర

ସ
−		௥ఈఊ௧భ

ഁశమఓమ

ଶ(ఉାଶ)
−	

௥ఊఈమ௧
భ												ഋమ
మഁశమ

଼(ఉାଵ)
+

	௥ఊఈ
మ(ఉమିସఉିସ)௧భ

మഁశర

଼(ఉାଵ)	(ఉାଶ)మ
+ ௥ఓర

଼
− ௥௧భర

଼
− ௥ఈఉఓഁశర

ଶ(ఉାଶ)(ఉାସ)
+ ௥ఈఉ௧భ

ഁశర

ଶ(ఉାଶ)(ఉାସ)
− ௥ఈమ(ଷఉାଶ)ఓమഁశర

଼(ఉାଵ)(ఉାଶ)మ
+ ௥ఈమ(ଷఉାଶ)௧భ

మഁశర

଼(ఉାଶ)మ(ఉାଵ)
 + ௥ఈఊఓ

ഁశమ௧భమ

ଶ(ఉାଶ)
+

௥ఈమఊ௧భ
ഁశమ			ఓഁశమ

(ఉାଶ)మ
] 

න (ݐ)ܳ rte 	ݐ݀

௧మ

ఓ

= න	ߤ଴ܦ ݁ିఈ௧ഁ
௧మ

ఓ
ଶݐ)] − (ଵݐ

ߙ
ߚ) + 1) ൫ݐଶ

ఉାଵ − +ఉାଵ൯ݐ
ଶߙ

ߚ2)2 + 1) ൫ݐଶ
ଶఉାଵ − [ଶఉାଵ൯ݐ rte  	ݐ݀

= )] ߤ଴ܦ
௧మమ

ଶ
− ଶݐ ߤ	 + ఓమ

ଶ
)− ఈఓ௧మ

ഁశభ

(ఉାଵ)
+ ఈఉ௧మ

ഁశమ

(ఉାଵ)(ఉାଶ)
− ఈఉఓഁశమ

(ఉାଵ)(ఉାଶ)
+ ఈమ(ఉିଵ)௧మ

మഁశమ

ଶ(ଶఉାଶ)(ఉାଵ)
− ఈమఓ௧మ

మഁశభ

ଶ(ଶఉାଵ) −	
ఈమ(ଷఉାଵ)ఓమഁశమ

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଵ)
+

ఈమఓഁశభ௧మ
ഁశభ

(ఉାଵ)మ
+ ఈఓഁశభ௧మ

(ఉାଵ)
− ௥௧మయ

଺
+ ௥ఓమ௧మ

ଶ
− ௥ఓయ

ଷ
− ఈఉ௥௧మ

ഁశయ

ଶ(ఉାଶ)(ఉାଷ)
+ ௥ఈఓమ௧మ

ഁశభ

ଶ(ఉାଵ) + ఈ௥ఉఓഁశయ

(ఉାଵ)(ఉାଷ)
− ௥ఈఓഁశమ௧మ

(ఉାଶ)
− ௥ఈమ(ఉିଶ)௧మ

మഁశయ

ସ(ఉାଶ)(ଶఉାଷ)
+

௥ఈమఓమ௧మ
మഁశభ

ସ(ଶఉାଵ) + ௥ఈమ(ଷఉାଵ)ఓమഁశయ

ଶ(ఉାଵ)(ଶఉାଷ)(ଶఉାଵ)
] 

Total inventory over the period [0, ݐଶ]	݅ݏ	 given by  
∫ ݐ݀	௥௧ି݁(ݐ)ܳ =௧మ

°

ߛ) − ଴ܦ(1 ൤
௧భయ

଺
−

ఈఉ௧భ
ഁశయ

ଶ(ఉାଶ)(ఉାଷ) −
ఈమ(ଷఉାଶ)௧భ

మഁశయ

ଶ(ଶఉାଶ)(ఉାଶ)(ଶఉାଷ) −
௥௧భర

଼
+ ఈఉ௥௧భ

ഁశర

ଶ(ఉାଶ)(ఉାସ) + ௥ఈమ(ଷఉାଶ)௧భ
మഁశర

ଶ(ଶఉାଶ)(ఉାଶ)(ଶఉାସ)൨+ ଴ܦ ൤
ఊఓ௧భమ

ଶ
− ఊ௧భయ

ଶ
+

ఈఊ௧భ
ഁశమఓమ

ఉାଶ
− ఈఊఉ௧భ

ഁశయ

ଶ(ఉାଶ)(ఉାଵ) + ఈమఊ௧భ
మഁశమఓ

ଶ(ଶఉାଶ) − ఈఉ௧భ
ഁశయ

ଶ(ఉାଶ)(ఉାଷ) −
ఓయ

଺
+ ௧భయ

଺
+ ఈఉఓഁశయ

ଶ(ఉାଶ)(ఉାଷ) + ఈమ(ଷఉାଶ)ఓమഁశయ

ଶ(ଶఉାଶ)(ଶఉାଷ)(ఉାଶ) −
ఈఊఓഁశభ௧భమ

ଶ(ఉାଵ) −
ఈమఊఓഁశభ௧భ

ഁశమ

(ఉାଵ)(ఉାଶ) − ఈమ(ଷఉାଶ)௧భ
మഁశయ

ଶ(ଶఉାଶ)(ଶఉାଷ)(ఉାଶ) −
ఈమఊ(ఉିଶ)௧భ

మഁశయ

ସ(ఉାଵ)(ఉାଶ) − ௥ఊ௧భమఓమ

ସ
+ ௥ఊ௧భర

ସ
−	 ௥ఈఊ௧భ

ഁశమఓమ

ଶ(ఉାଶ) − ௥ఊఈమ௧భ
మഁశమఓమ

଼(ఉାଵ) +
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௥ఊఈమ൫ఉమିସఉିସ൯௧భ
మഁశర
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଼
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଼
− ௥ఈఉఓഁశర

ଶ(ఉାଶ)(ఉାସ) 	+
௥ఈఉ௧భ

ഁశర
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௥ఈమ(ଷఉାଶ)ఓమഁశర
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ଶ(ఉାଶ) +
௥ఈమఊ௧భ

ഁశమఓഁశమ

(ఉାଶ)మ ൨+ܦ଴ߤ ቂ
௧మమ

ଶ
− ߤ	ଶݐ + ఓమ

ଶ
ቃ − ఈఓ௧మ

ഁశభ

(ఉାଵ)
+ 	 ఈఉ௧మ

ഁశమ

(ఉାଵ)(ఉାଶ)
− ఈఉఓഁశమ

(ఉାଵ)(ఉାଶ) + ఈఓഁశభ௧మ
(ఉାଵ)

+ ఈమ(ఉିଵ)௧మ
మഁశమ

ଶ(ଶఉାଶ)(ఉାଵ) −

ఈమఓ௧మ
మഁశభ

ଶ(ଶఉାଵ)
−	 ఈమ(ଷఉାଵ)ఓమഁశమ

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଵ) + ఈమఓഁశభ௧మഁశభ

(ఉାଵ)మ − ௥௧మయ

଺
+ ௥ఓమ௧మ

ଶ
− ௥ఓయ

ଷ
− ఈఉ௥௧మ

ഁశయ

ଶ(ఉାଶ)(ఉାଷ)
+ ௥ఈఓమ௧మ

ഁశభ

ଶ(ఉାଵ) + ఈ௥ఉఓഁశయ

(ఉାଵ)(ఉାଷ)
−

௥ఈఓഁశమ௧మ
(ఉାଶ)

− ௥ఈమ(ఉିଶ)௧మ
మഁశయ

ସ(ఉାଶ)(ଶఉାଷ)
+ ௥ఈమఓమ௧మ

మഁశభ

ସ(ଶఉାଵ)  + ௥ఈమ(ଷఉାଵ)ఓమഁశయ

ଶ(ఉାଵ)(ଶఉାଷ)(ଶఉାଵ)
]      

    (39) 
The number of deteriorated items over the period [0,  ݐଶ] is given by  
Production in [0, ݐଵ]	- Demand in [0, ߤ] – Demand in [0,	ݐଶ]	  
∫ D0	ߛ = ݐ݀	௥௧ି݁ݐ −	௧భ

଴  D0 ∫ ݐ݀	௥௧ି݁ݐ −	ఓ
଴   	D଴ߤ∫ ݁ି௥௧	݀ݐ	௧మ

ఓ  

)  D0	ߛ =
௧భమ

ଶ
 - ௥௧భ

య

ଷ
) -  D0 (

ఓమ

ଶ
 - ௥ఓ

య

ଷ
) - D0 ݐ) ] ߤଶ − ௧మ)	ݎ – (ߤ

మ

ଶ
− ఓమ

ଶ
)]      (40) 

Hence the production cost over the period [0, ݐଵ)]is given by  
∫ ௧భ		ݑ݀	௥௨ି݁ݒܭ
଴ = ∫ ఈభఊ

ோೞషభ
௧భ
଴  ݁ି௥௨	du  

= 	 ∫ 	଴ଵି௦ܦ		ߛଵߙ ଵି௦ݑ 	௧భ
଴ (1-ru) du 

]	଴ଵି௦ܦ		ߛଵߙ 	=
௧భమషೞ

(ଶି௦)
 - ௥௧భ

భషೞ

(ଵି௦)
]                  (41) 

Shortage cost over the period [0, T] is given by  

න ݐ݀(ݐ)ߠ = 	−
௧

௧మ
න ଶݐ}]ߤ	଴ܦ − (ݐ − ܶ]ߜ − ଶݐ)[ଶݐ − ௥௧ି݁	ݐ݀[(ݐ
்

௧మ
 

= ߤ	଴ܦ− ቂቄܶݐଶ −
௧మమ

ଶ
− ்మ

ଶ
− ߜ ቀଷ௧మ்

మ

ଶ
− ଷ௧మమ்

ଶ
− ்మ

ଶ
+ ௧మయ

ଶ
ቁ − ݎ ்

మ௧మ
ଶ

+ ݎ ௧మ
య

ଶ
+ ݎ ்

య

ଷ
+ ܶ)	ݎߜ − (ଶݐ ቀ௧మ்

మ

ଶ
− ௧మయ

଺
− ்య

ଷ
ቁቅቃ    

            (42) 
Lost sales cost per cycle is 
LS= ܦ଴	ߤ ∫ (1− ݁ିఋ(்ି௧మ))்

௧మ
 ݐ݀

LS= ܦ଴	ߤ ∫ ܶ)ߜ − ଶݐ)(ଶݐ − ்(ݐ
௧మ

݀ܶ  
Lost sales cost over the period [0,T] is      
ߜߤ	଴ܦ = ቂ

ଷ்మ௧మ
ଶ

− ଷ௧మమ்
ଶ
−	்

య

ଶ
+ 	 ௧మ

య

ଶ
− ହ௥௧మ்య

଺
−	 ௥௧మ

ర

଺
+ ௥்௧మయ

଺
+ ௥்ర

ଷ
+ ௥௧మమ்మ

ଶ
ቃ    (43) 

From  (39)(40),(41),(42),(43), the total  average inventory cost X of the system is  

X= ଵ
௧మ

[ ଵܺ	{	ܦ଴(ߛ − 1)[௧భ
య

଺
− ఈఉ௧భ

ഁశయ

ଶ(ఉାଶ)(ఉାଷ) −
ఈమ(ଷఉାଶ)௧భ

మഁశయ

ଶ(ଶఉାଶ)(ఉାଶ)(ଶఉାଷ) −
௥௧భర

଼
+ ఈఉ௥௧భ

ഁశర

ଶ(ఉାଶ)(ఉାସ) + ௥ఈమ(ଷఉାଶ)௧భ
మഁశర

ଶ(ଶఉାଶ)(ఉାଶ)(ଶఉାସ)] +

଴[ఊఓ௧భܦ	
మ

ଶ
− ఊ௧భయ

ଶ
+ ఈఊ௧భ

ഁశమఓమ

ఉାଶ
− ఈఊఉ௧భ

ഁశయ

ଶ(ఉାଶ)(ఉାଵ) + ఈమఊ௧భ
మഁశమఓ

ଶ(ଶఉାଶ) − ఈఉ௧భ
ഁశయ

ଶ(ఉାଶ)(ఉାଷ) −
ఓయ

଺
+ ௧భయ

଺
+ ఈఉఓഁశయ

ଶ(ఉାଶ)(ఉାଷ) +
ఈమ(ଷఉାଶ)ఓమഁశయ

ଶ(ଶఉାଶ)(ଶఉାଷ)(ఉାଶ) −
ఈఊఓഁశభ௧భమ

ଶ(ఉାଵ) − ఈమఊఓഁశభ௧భ
ഁశమ

(ఉାଵ)(ఉାଶ) − ఈమ(ଷఉାଶ)௧భ
మഁశయ

ଶ(ଶఉାଶ)(ଶఉାଷ)(ఉାଶ) −
ఈమఊ(ఉିଶ)௧భ

మഁశయ

ସ(ఉାଵ)(ఉାଶ) − ௥ఊ௧భమఓమ

ସ
+ ௥ఊ௧భర

ସ
−

௥ఈఊ௧భ
ഁశమఓమ

ଶ(ఉାଶ) − ௥ఊఈమ௧భ
మഁశమఓమ

଼(ఉାଵ) + ௥ఊఈమ൫ఉమିସఉିସ൯௧భ
మഁశర

଼(ఉାଵ)(ఉାଶ)మ + ௥ఓర

଼
− ௥ఈఉఓഁశర

ଶ(ఉାଶ)(ఉାସ) + ௥ఈఉ௧భ
ഁశర

ଶ(ఉାଶ)(ఉାସ) −
௥ఈమ(ଷఉାଶ)ఓమഁశర

଼(ఉାଵ)(ఉାଶ)మ +
௥ఈమ(ଷఉାଶ)	௧భమഁశర

଼(ఉାଶ)మ(ఉାଵ) + ௥ఈఊఓഁశమ௧భమ

ଶ(ఉାଶ) + 	 ௥ఈ
మఊ௧భ

ഁశమఓഁశమ

(ఉାଶ)మ 	] ௧మ	]ߤ଴ܦ+
మ

ଶ
− ଶݐ ߤ	 + ఓమ

ଶ
− ఈఓ௧మ

ഁశభ

(ఉାଵ) + ఈఉ௧మ
ഁశమ

(ఉାଵ)(ఉାଶ) −
ఈఉఓഁశమ

(ఉାଵ)(ఉାଶ) +

ఈఓഁశభ௧మ
(ఉାଵ) + ఈమ(ఉିଵ)௧మ

మഁశమ

ଶ(ଶఉାଶ)(ఉାଵ) −
ఈమఓ௧మ

మഁశభ

ଶ(ଶఉାଵ) −	 ఈమ(ଷఉାଵ)ఓమഁశమ

ଶ(ଶఉାଵ)(ଶఉାଶ)(ఉାଵ) + ఈమఓഁశభ௧మഁశభ

(ఉାଵ)మ − ௥௧మయ

଺
+ ௥ఓమ௧మ

ଶ
− ௥ఓయ

ଷ
− ఈఉ௥௧మ

ഁశయ

ଶ(ఉାଶ)(ఉାଷ) +
௥ఈఓమ௧మ

ഁశభ

ଶ(ఉାଵ) + ఈ௥ఉఓഁశయ

(ఉାଵ)(ఉାଷ) −
௥ఈఓഁశమ௧మ

(ఉାଶ) − ௥ఈమ(ఉିଶ)௧మ
మഁశయ

ସ(ఉାଶ)(ଶఉାଷ) + ௥ఈమఓమ௧మ
మഁశభ

ସ(ଶఉାଵ) + ௥ఈమ(ଷఉାଵ)ఓమഁశయ

ଶ(ఉାଵ)(ଶఉାଷ)(ଶఉାଵ)} + ܺଷ{	ܦߛ଴(௧భ
మ

ଶ
− ௥௧భయ

ଷ
) −

଴(ఓܦ
మ

ଶ
− ௥ఓయ

ଷ
)− ଶݐ))ߤ଴ܦ − (ߤ − ݎ ቀ௧మ

మ

ଶ
− ఓమ

ଶ
ቁ)} − ܺସܦ଴	ߤ[ቄܶݐଶ −

௧మమ

ଶ
− ்మ

ଶ
ߜ− ቀଷ௧మ்

మ

ଶ
− ଷ௧మమ்

ଶ
− ்య

ଶ
+ ௧మయ

ଶ
ቁ −

ݎ	 ்
మ௧మ
ଶ

+ ݎ ௧మ
య

ଶ
+ ݎ ்

య

ଷ
+ ܶ)	ݎߜ − ଶ)ቀ௧మ்ݐ

మ

ଶ
− ௧మయ

଺
− ்య

ଷ
ቁቅ+ ܺହ	ܦ଴	ߜߤ{ଷ்

మ௧మ
ଶ

− ଷ௧మమ்
ଶ
−	்

య

ଶ
+ 	 ௧మ

య

ଶ
− ହ௥௧మ்య

଺
−	 ௥௧మ

ర

଺
+

௥்௧మయ

଺
+ ௥்ర

ଷ
+ ௥௧మమ்మ

ଶ
} + }	଴ଵି௦ܦ		ߛଵߙ

௧భమషೞ

(ଶି௦)
− ௥௧భభషೞ

(ଵି௦)
}]   (44) 

																																																	 ଵܺ= ଴ܺଵ + ଡ଼యᇲ

୬ౡ
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Where Xଵis	continuously	deceases over n since ୢଡ଼భ
ୢ୬

< 0,n> 0 

                        Xଷ=X଴ଷ+ଡ଼య
ᇲ

୬ౡ
 

Where Xଷis	continuously	deceases over n since ୢଡ଼య
ୢ୬

< 0,n> 0 

Xସ=  ܺ଴ସ+௑′ర
௡ೖ

 

Where Xସis	continuously	deceases over n since ୢଡ଼ర
ୢ୬

< 0,n> 0 

Xହ=X଴ହ+ଡ଼ఱ
ᇲ

୬ౡ
 

Where Xହis	continuously	deceases over n since ୢଡ଼ర
ୢ୬

< 0,n> 0 

Optimum values of ݐଵ   ଶ for minimum average cost are obtained as in Case 1 which givesݐ	݀݊ܽ	

ଵܺ ൜(ߛ − ௢ܦ(1 ൬
௧భమ

ଶ
− αβ௧భ

ഁశమ

ଶ(ఉାଶ)൰ −
ఈమ(ଷఉାଶ)௧భ

మഁశమ

ଶ(ଶఉାଶ)(ఉାଶ) −
௥௧భయ

ଶ
+ ఈఉ௥(ଷఉାଶ)௧భ

ഁశయ

ଶ(ఉାଶ) + ௥ఈమ(ଷఉାଶ)௧భ
మഁశయ

ଶ(ଶఉାଶ)(ఉାଶ) ൰+ ௢ܦ ൬ݐߤߛଵ −
ଷ
ଶ
ଵଶݐߛ +

ଵݐଶߤߛߙ
ఉାଵ − ఈఊఉ(ఉାଷ)௧భ

ഁశమ

ଶ(ఉାଶ)(ఉାଵ) + ఈమఊ௧భ
మഁశభఓ

ଶ
− ఈఉ௧భ

ഁశమ

ଶ(ఉାଶ) + ௧భమ

ଶ
− ఈఊఓഁశభ௧భ

(ఉାଵ) − ఈమఊఓഁశభ௧భ
ഁశభ

(ఉାଵ) − ఈమ(ଷఉାଶ)௧భ
మഁశమ

ଶ(ଶఉାଶ)(ఉାଶ) −
ఈమఊ(ఉିଶ)௧భ

మഁశమ(ଶఉାଷ)

ସ(ఉାଵ)(ఉାଶ) −
௥ఊ௧భ	ഋమ

ଶ
+ ଵଷݐߛݎ −

௥ఈఊఓమ௧భ
ഁశభ

ଶ
− ௥ఊఈమఓమ(ଶఉାଶ)௧భ

మഁశభ

଼(ఉାଵ) + ௥ఊఈమ൫ఉమିସఉିସ൯௧భ
మഁశయ

ସ(ఉାଵ)(ఉାଶ) − ௥௧భమ

ଶ
+ ௥ఈఉ௧భ

ഁశయ

ଶ(ఉାଶ) +
௥ఈమ(ଷఉାଶ)௧భ

మഁశయ

ସ(ఉାଶ)(ఉାଵ) + ௥ఈఊఓഁశమ௧భ
(ఉାଶ) + ௥ఈమఊ௧భ

ഁశభఓഁశమ

(ఉାଶ) ൠ+ ଷܺܦߛ௢(ݐଵ − (ଵଶݐݎ + ଵଵି௦ݐ)௢ଵି௦ܦߛଵߙ − ଵݐݎ −   0=(ݏ
      (45) 
and 

ଵܺܦ଴ߤ	 ൬ݐଶ − ߤ ଶݐߤߙ−
ఉ + 	ఈఉ௧మ

ഁశభ

(ఉାଵ) + ఈఓഁశభ

(ఉାଵ) + ఈమ(ఉିଵ)௧మ
మഁశభ

ଶ(ఉାଵ) −	ఈ
మఓ௧మ

మഁ

ଶ
+ ఈమఓഁశభ௧మ

ഁ

(ఉାଵ) − ௥௧మమ

ଶ
+ ௥ఓమ

ଶ
− ఈఉ௥௧మ

ഁశమ

ଶ(ఉାଶ) +

	௥ఈఓ
మ௧మ

ഁ

ଶ
− ௥ఈఓഁశమ

(ఉାଶ) −
௥ఈమ(ఉିଶ)௧మ

మഁశమ

ସ(ఉାଶ) + ௥ఈమఓమ௧మ
మഁ

ସ
	൰ − ܺଷܦ଴1)ߤ − −(ଶݐݎ ସܺ		ܦ଴ߤ	 ൜(ܶ − (ଶݐ − ߜ ൬ଷ்

మ

ଶ
− ଶܶݐ3 +

ଷ೟మ
మ

ଶ
൰ − ௥்మ

ଶ
+ ଷ

ଶ
ଶଶݐݎ + ଶ

ଷ
ଶଷݐݎߜ − ଶܶଶݐݎߜ + ହ

଺
ଷܶݎߜ − ଵ

ଶ
ଶଶൠݐܶݎߜ + ହܺܦ଴ߜߤ ቀ

ଷ
ଶ
ܶଶ − ଶܶݐ3 + ଷ

ଶ
ଶଶݐ −

ହ௥்య

଺
− ଶ

ଷ
ଶଷݐݎ +

௥்௧మమ

ଶ
+ ଶܶଶቁݐݎ − ܺ = 0       (46) 

IV. NUMERICAL EXAMPLES 

Let us consider the inventory system with following data for case I (µ< t1< t2) 
Data for case I (µ< t1< t2) 
D0 = 14, s=1.8, µ=2, α1=2.5, β= 0.06, α=0.08, γ=2, r =0.03, X01= 14, X1’=8, X03=1.2, X3’=0.2, X04=12, 
X4’=6, X05=2.9, X5’=0.6, δ=0.3, T=5, n =2, k =1 
Output results are 
t1=2.056569, t2= 3.0112976, T.C. = 203.015 

.࢘.࢝	૛࢚	ࢊ࢔ࢇ	૚࢚	ࢌ࢕	࢙ࢋ࢏࢚࢏࢘ࢋ࢜࢔࢕ࢉ	ࢋࢎ࢚	ࢌ࢕	࢔࢕࢏࢚ࢇ࢚࢔ࢋ࢙ࢋ࢘࢖ࢋ࢘	࢒ࢇࢉ࢏ࢎ࢖ࢇ࢘ࡳ .૚	ࢋ࢙ࢇࢉ	࢘࢕ࢌ		࡯.ࢀ		.࢚ ࣆ) ≤ ࢚૚
≤ ࢚૛) 
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TABLE 1: SENSITIVITY ANALYSIS: THE SENSITIVITY ANALYSIS OF THE KEY PARAMETER R, D0, Α, Β ARE GIVEN IN THE BELOW TABLE FOR 
CASE I 

PARAMETERS  t1 t2 T.C. 

r 

0.31 

0.32 

0.33 

0.34 

2.05202 

2.04751 

2.04303 

2.03859 

3.00235 

2.99348 

2.98468 

2.97595 

197.976 

192.977 

188.018 

183.098 

D0 

14 

15 

16 

17 

2.05656 

2.05668 

2.05677 

2.05685 

3.01129 

3.01125 

3.01121 

3.01118 

203.015 

217.077 

231.16 

245.261 

α 

0.09 

0.10 

0.11 

0.12 

2.08359 

2.11048 

2.13719 

2.16367 

2.99942 

2.98741 

2.97527 

2.96302 

193.258 

183.475 

173.67 

163.85 

β 

0.06 

0.07 

0.08 

0.09 

2.05656 

2.05859 

2.06064 

2.06270 

3.01129 

3.01060 

3.00991 

3.00920 

203.015 

202.824 

202.63 

202.434 

The Following points are observed 
1. t1δt2 decrease and T.C. also decreases with the increase in value of the parameter r 
2. t1δT.C. increase while t2 decreases with the increase in value of the parameter D0. 
3. t1 increases while t2 and T.C. decrease with the increase in value of the parameter α. 
4. t1 increases while t2 and T.C. decrease with the increase in value of the parameter β. 

V. CONCLUSION 

In this study, an EOQ model with ramp type demand rate and unit production cost under learning and 
inflationary environment has been developed. The quality and quantity of goods decrease in course of time 
due to deterioration is a natural phenomena .Hence consideration of Weibull distribution time varying 
deterioration function defines a significant meaning of perishable, volatile and failure of any kind of item. 
Shortages are allowed and partially backlogged. The two considered phenomena viz., learning and inflation 
play an important role in realistic scenario. A mathematical model has been found to determine the optimal 
ordering policy cost which minimizes the present worth of total optimal cost. Thus the model highlighted the 
results with numerical examples.   
Equation (24) and (25) are non- linear equation in t1 and t2. These simultaneous non-linear equations can be 
solved for suitable choice of the parameters X1, X3, X4, X5,݊,݇,ߚ,ߙ, ,ݎ ,ߤ,ߛ ଵߙ	,଴ܦ 	,ߜ  and s (≠2). If ݐଵ∗	and ݐଶ∗    
are the solution of (24) and (25) for Case I, the corresponding minimum cost ܺ∗(t1, t2) can be obtained from 
(23). It is very difficult to show analytically whether the cost function X(t1, t2) is convex. That is why, X (t1, 
t2) may not be global minimum. If X (t1, t2) is not convex, then X (t1, t2) will be local minimum.   
Similarly, solution of equations (45) and (46) for Case II can be obtained corresponding minimum cost X (t1, 
t2) can be obtained from (44). 
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